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A B S T R A C T

An accurate description of machine tool dynamics is essential for health monitoring, chatter prevention,
and improvement of manufacturing accuracy. The standard identification approach of experimental modal
analysis at the standstill of the machine does not realize the possible variations in the dynamics due
to operational conditions. The in-process identification methods in the literature, on the other hand, are
associated with implementation difficulties in industrial environments due to the required complex and
specially-designed setup, limited excitation forms, or excessive measurement efforts. This paper proposes an
industrial-friendly method to estimate the in-process structural dynamics of machine tools, considering practical
demands and implementation limits. Knowing that the operational dependency of the dynamics is associated
with the machine and spindle structure, the machine–spindle and holder–tool structures are considered two
distinguished subsystems. The cross Frequency Response Function (FRF) of the coupled structure, between
the tooltip and spindle flange, is determined by measuring forced vibrations during milling operations. The
milling forces are considered as excitation input and the process is designed to be stable and chatter-free so
that the simulated forces can be accurately used in the identification. Then, the receptance coupling theory
is utilized to develop an optimization algorithm. Given the model of the coupled structure, the evolutionary
optimization tunes the modal parameters of the machine–spindle dynamics and joint parameters until the
predicted cross FRFs match the experimentally determined FRFs. The direct FRF at the tooltip is predicted
using identified in-process machine–spindle dynamics through the receptance coupling method. The identified
in-process dynamics are used to predict stability diagrams for different tooling systems and, moreover, to
design an augmented Kalman filter to estimate cutting forces. Comparison of estimated SLDs and cutting forces
with chatter test results and dynamometer measurements validate the outcomes of the proposed identification
method. This paper demonstrates that the system dynamics under operational conditions can be successfully
identified without requiring costly setup, specially-designed workpieces or operations, and destructive chatter
tests.
1. Introduction

Knowledge of structural dynamics of the machining system has a
significant role in virtual simulation, online monitoring, and other tech-
nologies with the overarching objective of enhancing the machining
performance. As one of these areas where the knowledge of structural
dynamics has received special attention in manufacturing industries,
unstable regenerative vibrations, so-called chatter, can be mentioned
and have been known as the major factor limiting the productivity of
milling operations for years [1]. The regenerative effect originates from
the waviness left on the workpiece surface by the previous passage
of the cutting edge and the overlapping vibration marks left by the
current pass of the cutting tool. Depending on the cutting parameters,
these overlapping surface waves can lead to a periodically varying chip
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thickness which may be suppressed by the system’s damping (stable
condition) or may grow causing chatter vibrations (unstable condition).
A careful selection of the corresponding process parameters can lead to
a substantial productivity increase whereas blind selection may lead to
poor surface quality, excessive tool wear, and machine tool failure.

Scholars have studied the chatter phenomena in the past decades
with the aim to predict chatter-free process parameters in order to
exploit the productivity increase and to prevent potential chatter conse-
quences. As pioneering works, Tobias and Fishwick [2] and Tlusty [3]
modeled chatter as linear Delay Differential Equations (DDE). In this
model, modulation of chip thickness by regenerative vibrations is
represented by the delay term and the structural dynamics of the
machine tool are described as a Linear Time Invariant (LTI) system.
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Several research works have been conducted to solve the governing
DDE and study the stability of regenerative vibrations [1]. The most
well-known solutions are the frequency domain method of Budak and
Altintas [4] and the discrete-time domain method of Insperger and
Stepan [5] and Ding et al. [6]. The results of these methods are
represented by means of the Stability Lobe Diagram (SLD), which
separates the stable and unstable regions in the plane of cutting
depth and spindle speed. Accurate SLD prediction using these model-
based methods requires gathering sufficiently-precise model inputs,
such as the structural dynamics of the machine tools, which causes
unaffordable efforts in shop floors.

The conventional practice to acquire the structural dynamics is
Experimental Modal Analysis (EMA) using direct measurement at the
tooltip through hammer tap test [1,7], where the structure is impacted
by an instrumented hammer and the responses are measured by var-
ious sensing technologies such as accelerometers [8–10], capacitive
sensors [11,12], eddy current sensors [13,14], or laser vibrometers [15,
16]. The accuracy of measurement through impact testing is prone to
human errors due to misalignment of the direction and location of
manual impacts [17]. In the case of strong structural nonlinearities,
the system can be excited using an electromagnetic shaker to capture
the effect of nonlinearities on the measured FRF [18]. Measuring the
structural dynamics may not be always feasible in industries since it
requires time, effort, and expertise from the test operator. Moreover,
the measured dynamics correspond to idle machine conditions.

Researchers have shown that the machine tool dynamics can be
fairly different under real working conditions compared to idle state
[11,19,20], due to the cutting loads applied to spindle bearings, or
centrifugal forces and gyroscopic moment of the rotating spindle shaft.
Direct measurement of dynamics using an impulse hammer at a rotating
tooltip is challenging and comes at a safety risk, and is impossible
in the presence of cutting teeth. Nevertheless, some attempts are re-
ported in the literature in this direction. Some researchers [21–23]
replaced the actual tool with a dummy cylindrical tool to avoid cutting
teeth. Park [24] mounted a bearing on the tooltip which allowed for
excitation and measurements on the non-rotating part of the bear-
ing. However, this approach adds mass to the system and changes
its dynamic properties. A contactless excitation using electromagnetic
actuators has received some attention as a safer alternative. Matsubara
et al. [25] presented a measurement setup consisting of an electromag-
netic actuator, a non-contact displacement sensor, and a dynamometer
for measuring electromagnetic forces. The rotating speed dependency
of spindle dynamics was observed in this study and the corresponding
influence on stability boundaries was investigated. Similarly, Tlalolini
et al. [26] presented an electromagnetic device to analyze the quasi-
static and dynamic behavior of high-speed spindles. Setup complexities
and the need for a dynamometer can be mentioned as downsides of
such approaches, especially for industrial use.

Considering that external excitation by means of hammers or actu-
ators for measuring in-process dynamics is not straightforward, some
research studies utilized the cutting forces as a known source of ex-
citation to the machine tool structure and measured the responses
for system identification. An early work following this approach was
conducted by Opitz and Weck [27] where they used a dynamometer
to measure cutting forces and seismic sensors to measure relative
movements between the cutter and the table. Later, Minis et al. [28]
designed a special workpiece with randomly distributed channels in
a turning operation, providing a broadband excitation that enables
the identification of system dynamics in a wide range of frequencies.
Ozshahin et al. [29] and Poddar et al. [30] applied similar idea in
milling operation. In these works, the spindle speed was constant
and the broadband excitation emanated from the special design of
the workpiece. However, Aguirre et al. [31] and Iglesias et al. [32]
machined normal workpieces and instead swept the spindle speed to
provide excitation at a wide range of frequencies using cutting force
2

harmonics. Takasugi et al. [33] combined these approaches. They
used a workpiece with a sinusoidal surface and applied variable speed
to provide frequency-varying harmonic excitation. The resulting FRF
showed a lower natural frequency and compliance compared to the FRF
in idle conditions. Recently, Mohammadi and Ahmadi [34] proposed
machining of porous materials instead of homogeneous material. The
randomly distributed pores cause a random content in cutting forces,
even at a single spindle speed, which provides broadband excitation.
Nevertheless, the use of dynamometers for measuring the cutting forces
is the main downside of the mentioned approaches.

To eliminate the need for a dynamometer, researchers investigated
output-only Operational Modal Analysis (OMA) approaches. Zaghbani
et al. [35] developed an OMA methodology based on both autoregres-
sive moving average (ARMA) and least square complex exponential
(LSCE) methods. They showed that using measured acceleration dur-
ing the process, the modal parameters can be calculated from OMA
which are more accurate than those obtained through the hammer tap
test at idle conditions. Similarly, Powalka et al. [36] measured the
acceleration of a flexible workpiece during milling and applied OMA
to identify the workpiece dynamics. In another work, Li et al. [37]
used OMA to demonstrate how the damping of the system varies during
the process with respect to the idle condition of hammer tap tests.
Reconstructing in-process FRF through OMA is not possible due to the
missing scaling factor of the mode shapes. To address this problem,
Gupta et al. [38] applied the mass change method to scale the mode
shapes of a milling system. Peng et al. [39] employed the modal
constants from the EMA and combined them with OMA to compose
the FRF. In recent work, Liu and Altintas [40] proposed a transmissibil-
ity function-based OMA (TOMA) method, which assumes a consistent
mode shape for the spindle assembly, to monitor its natural frequency
and damping ratio. Liu et al. [41] extended TOMA by establishing a
mode shape database that can be used to estimate system dynamics
variation with machine component movements. Although the method
in [40] enables identification using vibrations between two sensors
mounted on the spindle housing, the premise of consistent mode shapes
under operational conditions can be violated as shown by Ozsahin
et al. [42]. In general, the main drawbacks of OMA techniques are
the missing information required for composing mode shapes, limited
excitation form, and the need for experience-based supervision.

To overcome some of the above-mentioned challenges, researchers
followed inverse identification methods to inversely identify machine
tool dynamics through chatter monitoring. This approach is based on
experimentally determining the stability border and using an inverse
mathematical procedure to obtain the modal parameters of the modes
causing chatter. Ozshahin [43] presented an inverse analytical formu-
lation based on experimentally measured chatter frequencies and the
corresponding axial cutting depth of two points on the stability limit.
The identified modal parameters using this method are valid for the
range of spindle speeds of the selected points. Later, Grossi et al. [44]
proposed spindle speed ramp tests to identify speed-varying FRFs. In
each test, the spindle speed was increased over a given range and the
state of vibrations was determined during the speed ramp. The speed-
ramp-up test reduces the test time although determining the stability
status at instantaneous speeds could be challenging. The FRFs were
then computed by minimizing the differences between the predicted
and experimental stability conditions. To avoid iterative procedures
used in previous works, Eynian [45] developed closed-form relations to
identify the modal parameters from experimental measurement. Postel
et al. [46] also followed the inverse approach and employed neural
networks to identify the unknown natural frequency and damping ratio
of the system. A similar learning scheme is employed by Wegener
et al. [47], in which a modularized model of the machine tool struc-
ture and cutting coefficients augmented with neural network units are
employed that allows learning complex dependencies from data while
the gained knowledge is interpretable and transferable to new cases

with a different machine and process configurations. Bayesian learning
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approach has been also recently used by researchers for stability predic-
tions [48,49]. Chen et al. [50] developed a physics-informed Bayesian
inference framework that can represent the variation of system dynamic
parameters by an inferred probability density function. Ahmadi [51]
proposed Bayesian updating of modal parameters to determine the
probability distributions of modal parameters in a turning system. This
method requires a limited set of vibration measurements during stable
conditions only but prior knowledge of the underlying system dynamics
is required.

Apart from the difficulties associated with these identification tech-
niques, the machine tool dynamics at the cutting zone are highly influ-
enced by the combination of tool-holder assembly and their clamping
stiffness. The identification of dynamics for each tool-holder combi-
nation mounted on a machine tool is not feasible. To address this,
Schmitz et al. [52,53] presented Receptance Coupling Substructure
Analysis (RCSA) to develop a model for the structural dynamics of a
coupled structure through its subsystems. This substructuring frame-
work allows different modeling approaches for machine–spindle and
tool-holder dynamics. Since the tooling system is geometrically simple,
its dynamics can be modeled through theoretical models. On the other
hand, the variations in system dynamics with operational conditions
are mainly associated with spindle dynamics. Since the dynamics of the
tool-holder assembly is fairly unaffected by the operational conditions,
hence, the in-process system identification efforts can be focused on the
machine–spindle side.

In substructure coupling methods for milling machines, the model-
based dynamics of tool-holder assembly are coupled to the machine–
spindle dynamics to obtain the receptances of the complete system at
the tooltip. Researchers either use Euler–Bernoulli (e.g. in [52,54]) or
Timoshenko beam theory (e.g. in [55,56]) for modeling of the tool-
holder components as series of simplified beam segments. Mancisidor
et al. [57] followed a similar approach of determining tooltip FRFs
through the calculation of the tool’s fixed boundary dynamic behavior
where a lower number of theoretical modes computed by Timoshenko
beam theory could lead to a sufficient prediction accuracy of SLDs. In
a generalized method presented by Yang et al. [58], the machine tool
structure is divided into four substructures of spindle–holder subassem-
bly, tool-holder joint interface, tool’s shank, and tool’s fluted part. They
modeled the tool’s fluted part as three-dimensional Timoshenko beam
segments with varying cross-sections and the joint interface as a zero-
thickness distributed layer. A similar treatment of the tool’s fluted part
is further investigated in a study by Özşahin and Altintas [59], where
dynamics of asymmetric tools are analytically modeled with continuous
Timoshenko beams considering the variation of cross-section geometry
and the corresponding helix angle. They, however, considered a lumped
spring–damper model in coupling interfaces whose parameters required
dedicated experimental identifications. Ostad Ali Akbari et al. [60]
introduced a Finite Element (FE) based modeling of the tool-holder
assembly considering a distributed joint allowing for transferring the
joint parameters to different tool clamping lengths. FE solutions also are
investigated by Schmitz et al. [61]. Receptance coupling is not limited
to mechanical systems but can also be used in coupling electrical and
mechanical subsystems as is studied in [62].

The complex machine–spindle structure also has received some
modeling attempts through FE methods [63–66], since they cannot be
modeled as simple cylindrical beams that are normally used for the
tool holder and tool. In such cases, the FE model can be developed
based on the CAD model. However, in addition to their significant com-
putation cost, the identification of energy dissipation coefficients due
to structural damping and bearing contacts requires complementary
experimental studies. The machine tool’s dynamics can also be modeled
through a multi-body approach. In [67], components of the machine
tool such as column, bed, longitudinal and rotary drives, are modeled
as rigid bodies connected with elastic springs and damping elements at
contact joints, and the parameters of the elastic joints were identified
3

through EMA. The model was calibrated using the measured FRF of the
rotating spindle with a dummy tool. To conclude, the efforts required
for developing a physics-based model of the machine–spindle structure
and inevitable experimental calibrations make machine users reluctant
to follow this direction. Furthermore, the detailed geometric properties
of machine tool components are typically not accessible to the end user.

In this paper, a new industry-friendly method is proposed to identify
machine–spindle dynamics through forced vibration analysis. The sys-
tem is excited by harmonics of milling forces while cutting parameters
can be conservatively selected to ensure the stability of the process.
The corresponding forced vibrations are measured by a non-contact
displacement sensor at the rotating part of the spindle flange and
are used to estimate cross FRFs of the coupled structure of machine–
spindle and tooling systems. On the other hand, the receptance coupling
of a dynamically unknown machine tool with a calibrated model of
the tooling system is utilized in an optimization algorithm to identify
the desired machine tool dynamics at the spindle flange such that
the measured cross FRFs of the coupled structure match the model
predictions. The proposed method is employed with two different tool-
holder combinations to prevent the convergence of the optimization to
fictitious results, which do not represent the actual dynamics and may
lead to incorrect results for other tooling system combinations.

The presented method does not require any prior knowledge of
the system unlike methods in [40,51]. Moreover, several in-process
identification methods in the literature are developed based on chatter
test results [44,46,47]. Although utilizing the forced vibrations dur-
ing stable cutting tests seems a straightforward approach, it has not
been investigated in the literature, unless a specially designed setup
is considered [27,28,33,43]. Using forced vibrations for identification
purposes brings forth two difficulties; first, the measurement of cutting
forces which requires an expensive setup, and second, the measurement
of the rotating tool’s vibrations at its tip during the process. In this
paper, the feasibility of using simulated cutting forces in a cutting
condition that is characterized as stable, instead of measured cutting
forces, for identification purposes is investigated. Moreover, the method
is developed based on the spindle flange vibrations, instead of the
tooltip vibrations. The receptance coupling method is used to translate
the vibrations from the spindle flange to the tooltip. Since only the
translational receptances can be measured from the spindle flange
vibrations, an optimization algorithm is developed to identify the sys-
tem dynamics under operational conditions. The proposed method is
developed to be industrial-friendly such that, firstly, the experimental
setup requires only low-cost sensors which do not interfere with the
machining operations, and secondly, only chatter-free cutting tests are
required therefore the vibration data during regular daily machining
operations in the shop floors can be used. The user is not required to
have any prior knowledge of the system dynamics. The effectiveness of
the method is examined by developing the stability lobes diagrams and
comparing them to the experimental results of chatter tests. Moreover,
the identified system dynamics are further validated by comparing the
reconstructed cutting forces, through a Kalman filter algorithm using
the identified dynamics, to the measured cutting forces.

The paper is organized as follows: Section 2 contains a summary
of the milling dynamics. The proposed identification methodology is
presented in Section 3. Section 4 shows the experimental validation
results when the proposed method is applied to a machining system.

2. Milling dynamics

Modeling of milling dynamics has been extensively discussed in the
literature and only a brief summary is presented here to provide a
context for the following sections. Consider a two Degrees-of-Freedom
(DoF) milling model as shown in Fig. 1. The system is flexible in X and
Y directions and cutting forces are applied at the tooltip. The milling
forces are commonly represented as a linear function of the uncut chip
thickness which is generated by the feed motion of the cutting tool

in the feed direction and the current vibrations of the tool and the
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Fig. 1. Two degrees-of-freedom model of a milling operation. The phase difference
between the waviness from the previous and current cutting edge is the ground for
regenerative chatter.

undulations left on the workpiece surface by the previous cutting tooth.
Therefore, the total milling forces include a periodic and a transient
component [7]:

𝐅(𝑡) = 𝐅𝑝(𝑡) + 𝐅𝑡(𝑡) (1)

where

𝐅𝑝(𝑡) = 𝑎𝐾𝑡𝑐 [𝛼(𝑡)]
{

ℎ0 0
}𝑇

𝐅𝑡(𝑡) = 𝑎𝐾𝑡𝑐 [𝛼(𝑡)] {𝐗(𝑡) − 𝐗(𝑡 − 𝜏)}
(2)

The component 𝐅𝑝(𝑡) represents periodic forces with the tooth passing
period 𝜏 as the principal period. The period of tooth passage is inversely
proportional to spindle speed (𝛺) and the number of cutting teeth (𝑁),
that is 𝜏 = 2𝜋∕𝑁𝛺. The constant 𝑎 is the axial cutting depth, ℎ0 is the
feed per tooth, 𝐾𝑡𝑐 is the tangential cutting force coefficient, and [𝛼(𝑡)]
is the matrix of directional coefficients:

[𝛼(𝑡)]

=
𝑁
∑

𝑗=1
𝑔𝑗

[

− sin𝜑𝑗 (𝑡)
(

cos𝜑𝑗 (𝑡) + 𝑘𝑟𝑐 sin𝜑𝑗 (𝑡)
)

−cos𝜑𝑗 (𝑡)
(

cos𝜑𝑗 (𝑡) + 𝑘𝑟𝑐 sin𝜑𝑗 (𝑡)
)

sin𝜑𝑗 (𝑡)
(

sin𝜑𝑗 (𝑡) − 𝑘𝑟𝑐 cos𝜑𝑗 (𝑡)
)

cos𝜑𝑗 (𝑡)
(

sin𝜑𝑗 (𝑡) − 𝑘𝑟𝑐 cos𝜑𝑗 (𝑡)
)

]

(3)

The constant 𝑘𝑟𝑐 is the ratio of radial to tangential cutting forces. The
angle 𝜙𝑗 (𝑡) = 𝛺𝑡 + (𝑗 − 1) 2𝜋𝑁 , measured clockwise from the Y direction,
is the angular immersion of tooth 𝑗= 1..𝑁 , the Heaviside function 𝑔𝑗
determines whether this angle is within the cutting immersion angle
range:

𝑔𝑗
(

𝜑𝑗
)

= 𝑢
(

𝜑𝑗 − 𝜑𝑠𝑡
)

− 𝑢
(

𝜑𝑗 − 𝜑𝑒𝑥
)

(4)

with 𝑢(⋅) being unit step function and 𝜑𝑠𝑡 and 𝜑𝑒𝑥 are the start and
exit angles. The vector of the tool’s vibrations is shown by 𝐗(𝑡) =
[𝑥(𝑡) 𝑦(𝑡)]𝑇 . Superscript 𝑇 stands for transpose operator. The periodic
forces in Eq. (2) cause periodic oscillations and do not affect the
stability of transient vibrations. Hence, they are neglected for stabil-
ity analysis. Moreover, Budak and Altintas [4] showed that accurate
stability diagrams can be obtained with only the average term in the
Fourier series of the periodic matrix of directional coefficients [𝛼(𝑡)].
Therefore, the cutting forces can be represented in the Laplace domain
as follows:

𝐅(𝑠) = 𝑎𝐾𝑡𝑐
[

𝛼0
] (

1 − 𝑒𝑖𝜔𝜏
)

𝐗(𝑠) (5)

where [𝛼0] is the average term of the Fourier series of [𝛼(𝑡)]. Assuming
a linear time-invariant system, the vibrations of the system can be
mapped to the cutting forces using the transfer function 𝐆(𝑠) as follows:

𝐗(𝑠) = 𝐆(𝑠)𝐅(𝑠) (6)

where

𝐆(𝑠) =
[

ℎ𝑥𝑥,𝑡𝐹 (𝑠) 0
]

(7)
4

0 ℎ𝑦𝑦,𝑡𝐹 (𝑠)
The transfer functions ℎ𝑥𝑥,𝑡𝐹 (𝑠) and ℎ𝑦𝑦,𝑡𝐹 (𝑠) are the translational trans-
fer functions of the system in feed and normal directions, respectively.
Substituting Eq. (6) in Eq. (5) leads to an eigenvalue problem which
can be solved by Zero Order Approximation (ZOA) solution developed
in [4].

3. System identification methodology

As mentioned in Section 1, unlike the machine tool and spindle, the
dynamics of the tooling system have a negligible dependency on op-
erational conditions, compared to the dynamics of the spindle. Several
research studies have shown that FRFs of the holder–tool substructure
can be accurately calculated using the FE model or Timoshenko beam
theory [55,60,61]. Therefore, the machining system is considered as
two substructures: substructures 𝐴 (tool holder and tool) and 𝐵 (ma-
chine tool and spindle) as shown in Fig. 2, which are coupled at the
spindle flange considering a flexible-damped lumped joint. The main
challenge in obtaining the dynamics of the full machining system is
the in-process dynamics of substructure 𝐵. For this purpose, a method
is proposed which is based on measuring the in-process cross FRF of the
coupled substructures and then applying receptance coupling theory-
based optimization to obtain the in-process modal parameters of the
machine tool and spindle substructure. Then, the receptance coupling
is used again to estimate the direct FRF at the tooltip. In the following
subsections, the FRF measurement procedure is introduced, and then
the optimization procedure based on receptance coupling theory is
explained.

3.1. FRF estimation through forced vibrations in milling

The translational FRF of a structure in a given direction between
two points can be calculated as follows:

ℎ(𝜔) =
𝑆𝑑𝑑 (𝜔)
𝑆𝑓𝑑 (𝜔)

(8)

where 𝑆𝑑𝑑 (𝜔) and 𝑆𝑓𝑑 (𝜔) are auto Power Spectral Density (PSD) of
the output (displacement) and cross PSD of the output and the input
(excitation force), respectively [68]. The cutting forces during milling
are considered as excitation forces applied at the tooltip. The axial
cutting depth is selected conservatively such that the system is sta-
ble during the cut and transient vibrations are damped; the periodic
component of Eq. (1) forms the total cutting forces. Hence, the cutting
forces can be simulated for a set of known cutting force coefficients
of a reference tool and workpiece as shown in Eq. (2). The periodic
cutting forces excite the system at tooth passing frequency and its
harmonics. As a result, the transfer function only at these discrete fre-
quency points can be identified. In order to excite the system at enough
discrete points in the frequency range of interest, the cutting tests are
repeated at different spindle speeds. The resulting output is measured
as displacement using a non-contact capacitance displacement sensor
at the spindle flange, i.e. the contact point of the two substructures.
This point is selected because it is not possible to measure the response
closer to the tooltip due to flying machining chips. Moreover, when the
sensors are mounted at the selected location, the machine operator can
change the tooling system without disassembling the sensory system.
Using the simulated cutting forces at different spindle speeds and the
corresponding measured vibrations, the frequency response function of
the coupled structure between the tooltip and spindle flange can be
estimated using Eq. (8).

3.2. Receptance coupling and optimization

Each substructure shown in Fig. 2 is considered to have trans-
lational and rotational degrees of freedom. The dynamics of each
substructure, for given points 𝑖 and 𝑗, can be represented by the matrix
of receptances, which includes the receptances between translational
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Fig. 2. Substructures of the machining system which are coupled through a flexible-
damped lumped joint. The dynamics of substructure A are known through FE-based
modeling [60] whereas the dynamics of substructure B and the joint parameters are to
be determined through the proposed method.

(subscripts 𝑡 and 𝐹 for output and input, respectively) and rotational
(subscripts 𝑟 and 𝑀 for output and input, respectively) degrees of
freedom, as follows:

𝐇𝑄𝑖𝑗 (𝜔) =
[

ℎ𝑄𝑖𝑗,𝑡𝐹 (𝜔) ℎ𝑄𝑖𝑗,𝑡𝑀 (𝜔)
ℎ𝑄𝑖𝑗,𝑟𝐹 (𝜔) ℎ𝑄𝑖𝑗,𝑟𝑀 (𝜔)

]

for 𝑄 = 𝐴,𝐵 (9)

The frequency response functions are shown as ℎ(𝜔) with the sub-
scripts 𝑖 and 𝑗, which represent the output and input points, respec-
tively. The FRF matrix of the coupled structure (𝐶), with both input and
output at the tooltip, can be obtained using the theory of substructure
receptance coupling as follows:

𝐇𝐶11(𝜔) = 𝐇𝐴11(𝜔) −𝐇𝐴12(𝜔)
[

𝐇𝐴22(𝜔) +𝐊(𝜔)−1 +𝐇𝐵33(𝜔)
]−1𝐇𝐴21(𝜔)

(10)

where the joint flexibility is represented by 𝐊(𝜔) which includes trans-
lational (𝑘𝑡, 𝑐𝑡) and rotational (𝑘𝑟, 𝑐𝑟) stiffness and damping:

𝐊(𝜔) =
[

𝑘𝑡 + 𝑖𝜔𝑐𝑡 0
0 𝑘𝑟 + 𝑖𝜔𝑐𝑟

]

(11)

The receptance matrices 𝐇𝐴𝑖𝑗 (𝜔) are calculated using the approach
developed in [60]. In this approach, the holder and tool are divided
into cylindrical segments that are modeled as finite Timoshenko beam
elements. The distributed holder–tool joint considered in this model-
ing strategy allows for an extremely accurate calculation of tooling
system receptances, which are essential for the identification strategy
introduced in this paper. The detailed modeling and the identification
procedure are explained in [60]. Having 𝐇𝐴𝑖𝑗 (𝜔), the receptance matrix
of the coupled structure 𝐇𝐶11(𝜔) in Eq. (10) can be determined if the
receptance matrices of substructure 𝐵 at the spindle flange 𝐇𝐵33(𝜔)
and joint flexibility 𝐊(𝜔) are known. To find the unknowns, another
coupling is used which results in receptances of the coupled structure
when the output is measured at the spindle flange and the structure is
excited at the tooltip, i.e. 𝐇𝐶31(𝜔):

𝐇𝐶31(𝜔) = 𝐇𝐵33(𝜔)
[

𝐇𝐴22(𝜔) +𝐊(𝜔)−1 +𝐇𝐵33(𝜔)
]−1𝐇𝐴21(𝜔) (12)

From the receptances in matrix 𝐇𝐶31(𝜔), the receptance ℎ𝐶31,𝑡𝐹 (𝜔)
is determined using the procedure explained in Section 3.1. However,
since the other receptances are not measured, it is not possible to
identify the dynamics at the spindle flange 𝐇𝐵33(𝜔) using a closed-form
solution. Instead, 𝐇 (𝜔) is identified through optimization. For this
5

𝐵33
purpose, the receptances in 𝐇𝐵33(𝜔) are assumed to have the following
form:

ℎ𝐵33,𝑝𝑞(𝜔) =
𝑁𝑚
∑

𝑛=1

𝜙𝑝,𝑛𝜙𝑞,𝑛

𝑖𝜔 − 𝜆𝑛
+

�̄�𝑝,𝑛�̄�𝑞,𝑛

𝑖𝜔 − �̄�𝑛
for 𝑝, 𝑞 = 𝑡∕𝐹 , 𝑟∕𝑀 (13)

where 𝜆𝑛 = −𝜁𝑛𝜔𝑛 ± 𝑖𝜔𝑛

√

1 − 𝜁2𝑛 , 𝜔𝑛 is the natural frequency, 𝜁𝑛 is
the damping ratio, 𝜙∙,𝑛 is the mode shape and 𝑁𝑚 is the number of
modes considered in Eq. (13). The bar sign ∙̄ stands for the complex
conjugate of the corresponding variable. The objective is to find the
modal parameters of substructure 𝐵 and the contact parameters such
that the predicted FRF ℎ𝑝𝐶31,𝑡𝐹 (𝜔) matches the estimated FRF ℎ𝑒𝐶31,𝑡𝐹 (𝜔)
during the cutting tests. The optimization algorithm could lead to so-
lutions for which the objective function is satisfied while the identified
modal parameters do not necessarily represent the actual dynamics.
To avoid such a problem, different tooling systems are considered in
the identification procedure. The estimated FRF data from cutting tests
with different tooling systems are included in the identification of
the spindle’s model parameters through optimization. The optimization
problem is formulated as follows:

minimize 𝜅
𝑁ℎ
∑

𝑗=1

‖

‖

‖

[

𝐄𝑗
]

‖

‖

‖2
+ 𝜈‖‖

‖

[

𝜙𝑡,1 …𝜙𝑡,𝑁𝑚
𝜙𝑟,1 …𝜙𝑟,𝑁𝑚

]

‖

‖

‖1

where 𝐄𝑗 =
{

ℎ𝑒,𝑗𝐶31,𝑡𝐹 (𝜔) − ℎ𝑝,𝑗𝐶31,𝑡𝐹 (𝜔)
}

𝜔⊆[𝜔1 𝜔𝑒𝑛𝑑 ]

subject to 𝐱min ⩽ 𝐱 ⩽ 𝐱max

(14)

The variable 𝐱 is the vector of modal parameters 𝜔𝑛, 𝜁𝑛 and 𝜙∙,𝑛 in
Eq. (13) and contact parameters 𝑘𝑡, 𝑐𝑡, 𝑘𝑟 and 𝑐𝑟 in Eq. (11). 𝑁ℎ is the
number of the tooling systems used in the identification. The first term
in the cost function shows the Euclidean norm of the error vector 𝐄𝑗 .
Since the number of modes 𝑁𝑚 of substructure 𝐵 is not known, a high
number of modes is considered and the second term is added to the cost
function as the absolute value norm of the vector of mode shapes. This
term applies sparsity in the mode shapes and eliminates the presence of
unnecessary modes. The parameters 𝜅 and 𝜈 are weighting constants,
which can be tuned to balance the weights of the cost function terms.
Once the unknowns are identified, the receptances and joint matrices,
𝐇𝐵33(𝜔) and 𝐊(𝜔), are reconstructed and used in Eq. (10) to estimate
the dynamics at the tooltip. The tool-tip dynamics is then employed in
the stability analysis to develop the stability lobe diagram. A summary
of the identification procedure is presented in Fig. 3.

4. Experimental results

The measurement setup, shown in Fig. 4-a, includes a non-contact
capacitance sensor that measures the radial displacement of the rotat-
ing part of the spindle flange. The sensor is attached to the spindle
housing through a mounting fixture. The sensor is NCDT 3010-U05-
M-C3 type and is calibrated with respect to the surface of the spindle
flange. There is a 200 μm gap between the tip of the sensor and the
flange surface, and the sensor sensitivity is set to 10.0 mV/μm. A similar
setup was used in [24] where a non-contact sensor was installed at the
same location to reconstruct cutting forces. In this paper, however, an
additional accelerometer with a sensitivity of 10.88 mV/g is used on
the fixture of the non-contact sensor to compensate for any possible
displacement of the spindle housing. Fig. 4-b shows the FRFs measured
through impact tests with excitation at the tooltip and responses at the
spindle flange measured by the non-contact sensor and at the fixture by
the accelerometer. As it can be seen in Fig. 4-b, the non-contact sensor
cannot pick up the vibrations of the mode at 117 Hz. The possible rea-
son is that such low-frequency modes are associated with the machine
tool structure or the spindle. On the contrary, the accelerometer can
hardly record any vibrations at higher frequencies. As will be seen in
the following, the chatter frequency normally corresponds to the modes
at higher frequencies. One can ignore the accelerometer and solely
use the measurement of the non-contact sensor with minimal error.
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Fig. 3. Optimization framework for identification of machine tool dynamics at spindle flange. Forced vibration analysis for multiple cuts at various spindle speeds provides discrete
realizations of machine tool dynamics that are used by the optimization framework for system identification.
Fig. 4. (a) Measurement setup on a 5-axis milling machine. The non-contact sensor
measures the vibrations at the spindle flange. The accelerometer on the sensor fixture
is used for compensating the vibrations of the non-contact sensor. (b) Measured FRFs
through impact tests with excitation at the tooltip and response at the spindle flange
with non-contact and accelerometer sensors.

Nonetheless, considering this effect, the absolute displacement 𝛿𝑎𝑏𝑠(𝑡)
in each direction can be obtained as follows:

𝛿𝑎𝑏𝑠(𝑡) = 𝛿𝑁𝐶 (𝑡) − 𝛿𝐴𝑐𝑐 (𝑡) (15)

where 𝛿𝑁𝐶 (𝑡) and 𝛿𝐴𝑐𝑐 (𝑡) are the measured displacement with the non-
contact and the accelerometer sensors, respectively. The displacement
from the accelerometer is calculated through numerical integration of
the measured acceleration after it is low-pass filtered at 10000 Hz
with a stop band attenuation of 60 dB. Both signals are collected
simultaneously using the NI DAQ 9234 module while the sampling rate
is set to 51200 Hz. A GF Mikron HPM 800U 5-axis milling machine
6

Table 1
Tooling systems (S.L. represents the stickout length of the cutting tool).

#Holder Tool S.L. [mm]Picture

1 Zurn HSK-A63 63.11.20.2
Interface: Collet ER32 Voha

12032456120
4 flutes
Diameter:
12 mm
Length:
110.5 mm

70.50

2 REGO-FIX PG25 × 100H
Interface: powRgrip PG25

60.90

3 REGO-FIX PG25 × 100H
Interface: powRgrip PG25

65.90

4 Schunk 208123 50161717
Interface: Thermal shrink fit

62.60

tool with a Step-Tec spindle is used as the machining setup. Four
different tooling systems are considered as shown in Table 1 and their
corresponding tool-holder joint parameters are taken from [60].

The first two tooling systems are used in the identification process
and the last two are used for validation purposes. A flat Carbide endmill
with four cutting teeth and a diameter of 12 mm is considered in
all the tool-holder combinations. The workpiece is a 6082 Aluminum
block. For the selected tool and workpiece combinations, the cutting
force coefficients are calibrated as 𝐾𝑡𝑐 = 902 MPa and 𝑘𝑟𝑐 = 0.26. The
data are collected from half-immersion down-milling cuts in straight
paths of 100 mm with 0.1 mm feed per tooth. The axial cutting
depth of 0.4 mm is selected to ensure a stable cutting condition at
all spindle speeds. Since the dominant frequency content of milling
forces in a stable cut contains merely the tooth passing frequency and
its harmonics, to further diversify the excitation frequencies, 40 cuts
with various spindle speeds in the range of 8000 to 20000 rev/min
are performed for each involved tooling systems. For each cut, the
periodic cutting forces 𝐅𝑝(𝑡) are calculated as shown in Eq. (2) and the
corresponding vibrations are measured to estimate ℎ𝑒𝐶31 (𝜔). However,
measurements of the non-contact sensor require further pre-processing
to cancel the effects of run-out and roundness errors of the spindle
flange. For this purpose, the displacement profile is recorded while air
cutting 𝛿𝑎𝑎𝑏𝑠(𝑡), and it is subtracted from the measured signal during
cutting 𝛿𝑐𝑎𝑏𝑠(𝑡). The superscripts 𝑎 and 𝑐 remark that the measurements
are performed while cutting and air cutting, respectively. It is worth
mentioning that the two signals are not measured simultaneously and
the corresponding time should be adjusted accordingly. To accurately
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Fig. 5. (a) The excitation spectrum of simulated milling forces on the left and
corresponding system responses at those discrete frequencies from the measurements
of the sensory system on the right. (b) Stable cutting tests are performed at 40
different spindle speeds to collect the black dots, representing the calculated FRF
points using simulated cutting forces at the tooltip and measured displacements at
the sensor location. Solid lines represent the fitted FRFs by the optimization algorithm.
(c) Convergence curve of the genetic algorithm. The black points represent the cost
corresponding to all populations with the sparks showing mutations. The red curve
shows the best populations.

Table 2
Parameters used in the optimization algorithm.

Parameter Unit Expression Search space

Natural frequency [Hz] 𝜔𝑛 = 𝑝1,𝑛 𝑝1,𝑛 ⊆ [600, 3500]
Modal damping ratio [1] 𝜁𝑛 = 𝑝2,𝑛 𝑝2,𝑛 ⊆ [0.05, 0.20]
Translational mode shape [

√

s∕kg] 𝜙𝑡,𝑛 = 𝑝3,𝑛(1 + 𝑝4,𝑛𝑗) 𝑝3,𝑛 ⊆
[−0.005, 0.005]
𝑝4,𝑛 ⊆ [−1, 1]

Rotational mode shape [
√

s∕kgm2] 𝜙𝑟,𝑛 = 𝑝3,𝑛𝑝5,𝑛(1 + 𝑝6,𝑛𝑗) 𝑝5,𝑛 ⊆
[−15,−5] ∪ [5, 15]
𝑝6,𝑛 ⊆ [−1, 1]

Translational joint stiffness [N∕m] 𝑘𝑡 = 10𝑝7 𝑝7 ⊆ [10, 15]
Rotational joint stiffness [Nm∕rad] 𝑘𝑟 = 10𝑝8 𝑝8 ⊆ [8, 15]
Translational joint damping [Ns∕m] 𝑐𝑡 = 𝑝9 𝑝9 ⊆ [0, 1000]
Rotational joint damping [Nms∕rad] 𝑐𝑟 = 𝑝10 𝑝10 ⊆ [0, 100]

subtract the profile of displacement over a revolution during air cutting
from the total displacement, an encoder is required for synchronization
purposes [24]. However, since the PSD of vibrations in the frequency
domain is sufficient to calculate the FRF, synchronization in the time
domain is not necessary. Instead, the PSD is corrected as follows:

𝑆𝑑𝑑 (𝜔) = 𝑆𝛿𝑐𝛿𝑐 (𝜔) − 𝑆𝛿𝑎𝛿𝑎 (𝜔)
𝑆𝑓𝑑 (𝜔) = 𝑆𝑓𝛿𝑐 (𝜔) − 𝑆𝑓𝛿𝑎 (𝜔)

(16)

The FRF points are shown in Fig. 5-b. These points are used in
the optimization procedure, explained in Section 3.2, to identify the
7

Fig. 6. Identified in-process FRFs of the uncoupled substructure 𝐵 at the spindle flange
compared to idle FRFs.

modal parameters of substructure 𝐵 and the joint parameters. The
optimization is performed using a genetic algorithm. A total of 𝑁𝑚 =
10 modes for each direction is considered in Eq. (13) which corre-
sponds to 60 modal parameters. Considering the joint parameters, a
total of 64 variables are included in the optimization procedure. The
population size of the algorithm is 20 and the weighting constants
are set to 𝜅 = 106 and 𝜈 = 700 for the cost function introduced
in Eq. (14). Details of the optimizing parameters and their search
range are provided in Table 2. The expressions shown in this table
for modal parameters are considered in the optimization for better
convergence to physically meaningful modal parameter values. Using
these expressions, the second term in the cost function of Eq. (14) can
be reduced to ‖

‖

‖

[

𝑝3,1 … 𝑝3,10
]

‖

‖

‖1
. The maximum number of iterations is

set to 5000. Fig. 5-c shows the convergence curve for the cost function
of the optimization problem. It can be seen that 5000 iterations are
sufficient for the optimization to converge. However, one may choose
a lower iteration number to decrease the computation time at the cost
of lower accuracy. The estimated cross FRFs of the coupled structure
at the spindle flange are shown in Fig. 5-b as solid lines on top of
the experimentally collected data points. Despite considering a wide
range of physically meaningful values for the optimization algorithm,
the model prediction could not perfectly match the recorded points at
all frequencies for both involved tooling systems. This is due to the
simultaneous inclusion of two different tooling systems in the optimiza-
tion process which leads to the best estimation of the unknown spindle
dynamics rather than some overfitted values solely to diminish the
discrepancies. The identified joint parameters and modal parameters
of substructure 𝐵 are presented in Appendix, and the corresponding
FRFs are shown in Fig. 6.

The FRFs measured through hammer tap test at idle conditions,
when no tool holder is assembled into the spindle, are also presented
for comparison. The idle FRFs at the spindle are measured following
the method illustrated in [69]. Chatter test results are used to verify
the identified dynamics at the spindle flange. For this purpose, the
dynamics at the tooltip are calculated as shown in Eq. (10). The
resulting translational FRFs are presented in Fig. 7 and are compared to
idle FRFs. The FRFs are close although there are differences which are
due to the fact that in the operational conditions, the spindle rotation
and the cutting loads change the dynamics compared to idle conditions.

The predicted FRFs at the tooltip are then used in the ZOA solution
to develop the stability diagrams. Fig. 8 shows the resulting diagrams
for cutting conditions given in Table 3, as well as the experimental chat-
ter test results. The SLDs developed using idle FRFs are also presented.
Cases 1 and 2 correspond to the tooling systems that are used in the
identification process through optimization. However, the tooling sys-

tems of cases 3 and 4 are not included in the identification procedure.
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Fig. 7. Comparing idle tooltip FRFs to in-process FRFs using the proposed method.
Tooling systems 1 and 2 are involved in the system identification while 3 and 4 are
merely used for validations.

Table 3
Summary of the machine and process configurations in validation cutting tests.

Case Tooling Feed Strategy Radial cutting Feed rate
system direction depth [mm] [mm/tooth]

1 1 Y+ Slotting 12.0 0.05
2 2 Y+ Slotting 12.0 0.05
3 3 X+ Up-milling 8.4 0.05
4 4 Y+ Slotting 12.0 0.05

In all cases, the stability diagrams using identified FRFs are accurately
predicted when compared to experimental results. The stability pockets
are correctly located, and the absolute stability limits agree with the
experimental results except for case 1 for which the predicted absolute
stability limit is lower than the actual limit. The SLDs using idle FRFs
also mostly agree with the chatter test results while the identified in-
process FRFs lead to better predictions, especially at higher spindle
speeds. The SLD with idle FRFs in case 2 suggests that not only the
mode about 2400 Hz but also the mode at 2700 Hz causes chatter;
despite that, the experimental results show developed chatter at the
first mode as predicted by the SLD using the identified in-process FRFs.

Although the predictions of stability diagrams using the identified
FRFs are in good agreement with experimental results, the proposed
method is prone to the following errors: (i) Measurement errors: The
sensors have to be carefully calibrated to accurately capture forced
vibrations. Even if the sensors are calibrated precisely, the dilatation
of spindle components due to thermal fluctuations is inevitable which
affects the measurements. (ii) Simulation errors: The method is based
on calculated cutting forces to avoid measurement with dynamometers.
Therefore, the cutting force model and the determined cutting force
coefficients should accurately replicate the actual cutting forces. The
model used in this paper can describe the milling forces accurately in
normal cutting conditions for workpiece materials such as Aluminum.
However, if extreme cutting conditions such as low feed rates are
selected, or when a hard-to-cut material is machined, more compre-
hensive cutting force models may be required to correctly simulate
the cutting forces. The sensory system may be used for process mon-
itoring purposes as well. The stability state of the process can be
determined through analysis of the measured vibrations. Moreover,
once the structural dynamics of the system are identified through the
proposed method, the cutting forces can be estimated in real-time based
on the measurements of the sensory system through the Augmented
Kalman Filter (AKF) algorithm. Considering the uncoupled dynamics
of X and Y directions, the augmented state-space model of the system
for either X or Y direction is provided below:
{

𝐪(𝑘 + 1)
𝑓𝑐 (𝑘 + 1)

}

=
[

𝐀𝑑 𝐁𝑑
𝟎 1

]{

𝐪(𝑘)
𝑓𝑐 (𝑘)

}

+
{

𝝎(𝑘)
𝜂(𝑘)

}

𝑧(𝑘) =
[

𝐂𝑑 0
]

{

𝐪(𝑘)
}

+ 𝜈(𝑘)
(17)
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𝑓𝑐 (𝑘) t
Fig. 8. Evaluation of SLDs for machine and process configurations presented in Table 3
using idle and in-process system FRFs, and comparison to experimental results.

where 𝑧(𝑘) is the measured displacement signal from the sensory sys-
em, 𝑓𝑐 (𝑘) is the cutting force at the tooltip, and 𝐪(𝑘 + 1) and 𝐪(𝑘) are

the state vectors at next and current time instants, respectively. The
stochastic terms 𝝎(𝑘), 𝜂(𝑘), and 𝜈(𝑘) represent process noise, force reg-
ularization factor, and measurement noise, respectively. The matrices
𝐀𝑑 , 𝐁𝑑 , and 𝐂𝑑 are discrete-time system matrices that can be derived
by fitting a transfer function of the below form to the identified FRF
between the measurement location and the tooltip [70]:

ℎ𝐶31,𝑡𝐹 (𝑠) =
𝑏𝑛−1𝑠𝑛−1 +⋯ + 𝑏0

𝑠𝑛 + 𝑎𝑛−1𝑠𝑛−1 +⋯ + 𝑎0
(18)

ig. 9-a shows the fitted transfer function to the identified FRF for the
ooling system 2 in X direction. Since the implementation details of
KF are described widely in the literature [24,70–72], repetitions are
kipped and final results are presented. Fig. 9-b shows the designed
alman filter FRF. The resulting compensated FRF of the system is
lso illustrated which has almost unity gain. Deviations are observed
t the anti-resonance locations. The estimated force based on signals
f the sensory system and using the AKF approach for half-immersion
own-milling of an Aluminum workpiece with a two-fluted endmill
s presented in Fig. 9-c. The estimated forces are compared to mea-
ured forces by a dynamometer. The agreement between measured and
econstructed cutting forces further validates the identified structural
ynamics that are used in the designed Kalman filter system. The
econstructed forces can potentially be used to monitor tool wear.

. Conclusions

In this paper, a system identification method is proposed for the
stimation of in-process machine–spindle structural dynamics, where
he dynamics are altered under the influence of cutting loads and
entrifugal forces. The proposed method was based on receptance
oupling of substructures or RCSA that allowed for differentiation
f the machine–spindle and holder–tool substructures in the coupled
achine tool structure. Thanks to the theoretical beam models that

nabled a precise replication of tool–holder dynamics, two distinct
ool–holder combinations were utilized as the reference part of the
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Fig. 9. (a) Identified FRF ℎ𝐶31,𝑡𝐹 and fitted transfer function (with the order of 𝑛 = 10)
for tooling system 2 in X direction, (b) The designed Kalman filter FRF and the resulting
compensated FRF, (c) Estimated cutting force from the sensory system compared to
measured force by a dynamometer. Half-immersion down-milling, 12000 rev/min, axial
cutting depth of 1 mm, and feed rate of 0.15 mm/tooth.

coupled structure and the proposed RCSA-based evolutionary opti-
mization was employed to tune the parameters of machine–spindle
modal model until an agreement between experimental observations
and RCSA-model predictions is achieved. The experimental observa-
tions include the cross FRFs between the tooltip and spindle flang of
the coupled structure at discrete frequencies of tooth passing and their
harmonics during stable cuts.

The proposed method was employed on a milling machine and
validation was carried out by comparing experimentally developed sta-
bility diagrams with the prediction of stability limit using the identified
dynamics. Tooling systems that were not used in the identification pro-
cedure were also included in the validations. Moreover, the identified
dynamics using the proposed method were demonstrated to be used
for monitoring purposes as well, such as online measurement of cut-
ting forces. The experimental setup and identification procedure were
designed to be potentially implementable in industrial environments.
Accordingly, low-cost sensors are used in the setup that do not interfere
with the tool changing or machining operations. Also, the cutting tests
required in the identification method were designed based on conser-
vative cutting parameters that are generally considered in machine
shops to avoid chatter and possible damage. The implementation of
the proposed method confirmed that stable cutting forces obtained by
simulations, rather than actual measurement with dynamometers, can
be successfully used for identification purposes.

The identification of machine–spindle dynamics using the presented
method is limited to vibration modes in the range of tooth passing
frequencies and their first few harmonics. After the first few harmonics,
the excitation energy drops, and the system cannot be adequately ex-
cited; hence, a higher spindle speed is required. Alternatively, the feed
rate or axial cutting depth can be increased to improve the excitation
energy at higher harmonics of tooth passing frequency, provided that
the process stays stable and the maximum force level does not exceed
the limit.

A further improvement of the method can be achieved by consid-
ering an additional sensor for the measurement of axial vibrations and
determining the axial load dependency of the machine–spindle dynam-
ics. Since the proposed method is based on stable cutting conditions,
the axial load can be controlled by changing the axial cutting depth
within the stable range or by using tools with different helix angles.
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Table A.4
Modal parameters in X direction.

Mode 𝜔𝑛 [Hz] 𝜁𝑛 [%] 𝜙𝑡,𝑛 [
√

s∕kg × 104] 𝜙𝑟,𝑛 [rad
√

s∕kgm2 × 104]

1 705.5 20.0 14.6−14.2i 146.4+141.5i
2 771.2 18.9 7.1−3.6i 35.5−17.8i
3 1026.9 8.5 −7.4+7.4i −73.8−73.8i
4 1285.2 7.8 −18.4+18.4i −91.9 +91.9i
5 1287.5 7.4 −16.1+16.1i −160.8−160.8i
6 1704.5 5.0 −18.0−14.6i −95.4−77.2i
7 2354.6 5.0 18.3−18.3i 91.8+39.2i
8 2372.1 5.0 −18.4+18.4i −91.9−34.1i
9 2419.0 9.2 −14.8−14.8i −147.6−147.6i
10 2905.3 7.9 −9.8−9.8i −98.0−55.3i

Table A.5
Modal parameters in Y direction.

Mode 𝜔𝑛 [Hz] 𝜁𝑛 [%] 𝜙𝑡,𝑛 [
√

s∕kg × 104] 𝜙𝑟,𝑛 [rad
√

s∕kgm2 × 104]

1 600.0 20.0 −15.3+14.3i −153.3−143.7i
2 894.8 12.3 −8.7+8.7i −87.5−87.5i
3 1171.4 13.3 16.3−16.3i 163.4+9.6i
4 1682.6 5.0 6.6−6.3i 65.6+63.2i
5 1792.2 5.0 4.2−4.2i 42.3+42.0i
6 2191.8 5.0 14.0+0.4i 69.9+1.8i
7 2228.9 12.2 −17.8+17.8i −89.0+89.0i
8 2347.7 5.0 −17.9+17.9i −89.3+32.5i
9 2501.8 5.4 −10.4−10.4i −104.5−45.9i
10 3000.0 7.6 10.8+10.8i 107.6−15.3i

Table A.6
Parameters of the lumped joint between substructures A and B.

Parameter 𝑘𝑡 [N∕m] 𝑐𝑡 [Ns∕m] 𝑘𝑟 [Nm∕rad] 𝑐𝑟 [Nms∕rad]
Identified value 999.4 × 1012 794.5 999.8 × 1012 20.0
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