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Active structural methods constitute a promising way to mitigate chatter vibrations in milling. This paper
presents an active system integrated into a spindle unit. Two different optimal control strategies are
investigated. The ﬁrst one only considers the dynamics of the machine structure in the controller design
and minimizes the inﬂuence of cutting forces on tool tip deviations. The second one takes explicitly the
process interaction into account and attempts to guarantee the stability of the overall closed-loop system
for speciﬁc machining conditions. The modeling and formulation used for both strategies are presented
in this ﬁrst part. A simulation allows the comparison of their respective working principle. The validation
of the proposed concept in experimental conditions is described in the second part.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
The always more severe demands from the production industry
in terms of productivity, quality and efﬁciency in conjunction with
the development of new materials requiring challenging machining conditions tend to exacerbate the occurrence of vibrational
problems during machining operations. More speciﬁcally, selfexcited vibrations between the tool and the workpiece, commonly
called chatter, constitute one of the most detrimental phenomena.
Different types of chatter may occur during the cutting process.
In milling, the regenerative chatter corresponds to the most critical
effect, as explained by Quintana and Ciurana (2011) in their review
on the topic. This type of chatter refers to a regenerative effect
between the current and previous cutting paths. Depending on the
phase between the current vibrations of the cutter and the
undulations of the wavy surface left by the previous cuts, a
variable chip thickness may be created. This is represented in
Fig. 1. In this case, as the cutting force is directly dependent on the
chip thickness, a resulting oscillatory load arises on the tool. From
the phase relation between this varying force and the cutter
vibrations, energy may be induced to the oscillatory system
leading to unstable vibrations.
Tlusty and Polacek (1957, 1963) as well as Tobias and Fishwick
(1958a, 1958b), Tobias (1965) ﬁrst addressed their work to the
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understanding and prediction of this phenomenon in one dimensional single point turning operation. They independently proposed the theory of regenerative effect and the stability lobes
diagram (SLD) representation to display the process stability limit
in function of the chip width and the spindle speed. Merrit (1965)
modeled regenerative chatter using the representation of a closedloop feedback block diagram similar to the one represented in
Fig. 2. In this ﬁgure, the dynamics of the machine tool structure G
is interacting with the milling process P. The forces w generated
by the cutting process excite the structure of the machine. It
results some deviations z from the nominal path between the tool
and the workpiece. These deviations inﬂuence the effective chip
thickness which, multiplied by the cutting stiffness KP , lead to the
formation of regenerative cutting forces wR susceptible to create
chatter. These forces are added to the nominal cutting forces f P
generated by the kinematics of the milling process.
The regenerative chatter theory has been ﬁrst applied to the
milling process by Sridhar, Hohn, and Long (1968), Opitz and
Bernardi (1969) and Koenigsberger and Tlusty (1970). Tlusty and
Ismail (1981) developed time-domain numerical simulation
method to predict the occurrence of the phenomenon. Altintas
and Budak (1995) and Budak and Altintas (1988a, 1988b) proposed
an analytical method based on Nyquist stability criterion for the
stability prediction of the regenerative chatter in milling process
using two-dimensional vibrational model. They expanded the
time-varying directional coefﬁcients coming from the milling
kinematics into Fourier series. Considering only the zeroth order
term, a very convenient way to perform stability analysis is
possible. This method is now called zeroth order approximation
(ZOA) method and became very popular mainly due to its ability to
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Fig. 1. Regenerative effect in peripheral milling process. n: spindle rotational
speed; vf: feed rate; kj ; cj : static stiffness, respectively, viscous damping coefﬁcient
in the jth direction, j ¼ X; Y.

Fig. 2. Flowchart of regenerative effect in milling process. G: transfer function of
machine structure dynamics; KP : cutting stiffness; P: milling process; R: regenerative effect transfer function; f P : kinematic cutting forces; w: cutting forces; wR :
regenerative cutting forces; z: tool center point deviations; s: Laplace variable;
Tz: tooth passing time period.

consider the structure dynamics in both radial directions and its
low computational effort.
However, in conditions of low radial immersion of the cutter in
the workpiece material, this method may fail to capture the whole
picture of the phenomenon and some additional types of bifurcation remain undetected. Different approaches have been proposed
to cope with it, as mentioned by Davies, Dutterer, and Burns
(2000) and Corpus and Endres (2000). Insperger and Stépán
(2004) discretized the time delay so that the delay differential
equations can be approximated by a series of ordinary differential
equations and the Floquet theory can be applied for the stability
analysis. This method is known as semi-discretization method.
Bayly et al. (2002) and Bayly, Halley, Mann, and Davies (2003) used
temporal ﬁnite element analysis to the same end. Merdol and
Altintas (2004a) used the method developed by Altintas and
Budak but considered higher order terms of the Fourier expansion
of the directional coefﬁcients and proved that the method is able
to correctly predict stability also for low immersion conditions.
Different methods are susceptible to prevent milling operations
from chatter. Three main classes may be distinguished depending
on the type of parameter they inﬂuence. A ﬁrst class, called
process methods, attempts to inﬂuence the parameters of the
process P. The basic idea consists in selecting a spindle speed
maximizing the stable depth of cut according to the SLD, as
proposed by Tlusty and Polacek (1957), Tobias and Fishwick
(1958a) and Budak and Tekeli (2005). In van Dijk et al. (2010), an
on-line solution proposes to adapt the spindle speed as soon as a
chatter case is detected based on the chatter frequency identiﬁed
with a dedicated monitoring system.
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The second class acts on the regenerative effect itself by trying
to break its periodicity required for the full development of the
instability. This latter class is named regeneration disturbing
methods. Either process or structural parameters might be used
to this end. For instance, tools with special geometry, such as
variable pitch or helix angles or serrated cutting edge, have been
studied (Budak, 2003a, 2003b; Fazelinia & Olgac, 2009; Merdol &
Altintas, 2004b; Slavicek, 1965; Sims, Mann, & Huyanan, 2008;
Turner, Merdol, Altintas, & Ridgway, 2007) and are now common
features of roughing milling cutters proposed by the tool manufacturers. A continuous modulation of the spindle speed is also
proposed by Takemura, Kitamura, and Hoshi (1974), Altintas and
Chan (1992), Jayaram, Kapoor, and Devor (2000), Zhang and
Jackson (2009) and Seguy, Insperger, Arnaud, Dessein, and
Peigné (2010). Segalman and Redmond (1996), Wang and Fei
(2001), Stepan and Insperger (2006) and Insperger and Stepan
(2007) used variation of the structural parameters to disturb the
regenerative feedback and stabilize the process.
The last class tailors the structural parameters of G in order
to improve the process stability for some given machining conditions. This structural class is divided into passive and active
methods. The passive methods transfer the mechanical energy of
the vibrations from the machine tool structure to a secondary
system. Semercigil and Chen (2002), Tarng, Kao, and Lee (2000),
Sims (2007) and Yang, Munoa, and Altintas (2010) used tuned
mass dampers and some other damping systems. They are
considered as passive because they do not require any outside
energy source to work but they might be combined with mechatronic systems to adapt their structural parameters to the machining conditions, as described by Mei, Kong, Shih, and Chen (2009)
and Balamurugan and Alwarsamy (2011). Several commercial
tooling systems have now integrated this technology.
The active structural methods are inherently based on mechatronic systems composed of sensors providing information to a
real-time controller delivering reference signals to actuators generating actions to counteract the critical vibrations coming from
the machining process. They probably represent one of the most
promising ways to deal with chatter, mainly due to their high
degree of adaptivity and their great development potential.
Several applications of such methods have been proposed.
Weiss Spindeltechnologie GmbH developed an active motor
milling spindle designed for high speed machining operations. The
front bearing is actively supported in both radial directions by two
orthogonal preloaded piezoelectric stack actuators. One pair of
accelerometers and two pairs of non-contact displacement transducers are used to sense the radial vibrations in the vicinity of the
actuators and to deliver the corresponding signals to a digital
controller. The controller attempts to increase the structural
damping of the spindle shaft support using collocated control
strategies to reduce the propensity to chatter. Ries, Pankoke, and
Gebert (2006) demonstrate the ability of the active system to
reduce about 30% of the amplitudes at the tool tip of the ﬁrst
bending mode of the shaft. The corresponding projections on the
process stability indicate an increase of the lowest critical axial
depth of cut around 50%. Some machining tests, presented by Ries
and Pankoke (2008), conﬁrm an increase of the critical axial depth
of cut of 40%.
Another solution has been proposed by the Sandia National
Laboratories and ﬁrst presented by Dohner et al. (1997). In this
solution, the front bearing is actively supported in the radial plane
by two orthogonal pairs of electrostrictive stack actuators working
in push–pull conﬁguration and guided by hydrostatic bearings.
The information on the current state of the tool tip deviations is
provided by strain gauges located at the root of the rotating tool
itself. The signals from the strain gauges are transmitted to
the controller via a telemetry system placed at the spindle nose.
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A linear-quadratic-Gaussian control, minimizing the inﬂuence of
the process disturbance on the tool tip, is implemented and found
to provide sufﬁcient trade-off between robustness and performance. An optimal H1 controller has been tested by Kwan et al.
(1997). The solution proposed by Dohner et al. is designed to
operate at moderate spindle speeds. In full immersion cutting
conditions, the maximum stable axial depth of cut can be
improved by an order of magnitude. With quarter and half radial
immersions, the obtained results show the ability to increase the
stable axial depth of cut by factors 4–5 as presented by Dohner
et al. (2004).
Several works investigated the possibility of integrating the
process dynamics into the controller design. For instance, Mei,
Cherng, and Wang (2006) designed a linear-quadratic optimal
controller where the optimal control force takes the time delay
induced by the regenerative effect into account. Simulation results
of single point orthogonal cutting show a substantial increase of
the process stability limit.
Shiraishi, Yamanaka, and Fujita (1991) described the implementation of an optimal linear-quadratic integral controller using
Luenberger state observer for the chatter stabilization and the
minimization of the tracking error of the cutter on a bench type
lathe. A stepping motor drives the tool position and an eddy
current displacement transducer delivers its actual position to the
observer. A Padé approximation is used to model the time delay
term coming from the regenerative effect. Some experiments in
turning reveal the ability of the controller to stabilize some chatter
conditions and to set the tool position tracking error to zero.
Chen and Knospe (2007) presented a robust stabilization
design using μ-synthesis with DK-iteration. The chatter mitigation
is explored through three different approaches for the consideration of the spindle speed in the control design process, called:
speed-independent, speed-speciﬁed and speed-interval. The former approach tries to maximize the lowest bound of the stability
lobes guarantying a chatter-free operation for all spindle speeds.
The second one considers a speciﬁc spindle speed where the stable
depth of cut is maximized and the last one takes into account a
spindle speed interval. Using robust stabilization synthesis techniques, it is possible to derive a controller guarantying a stable
process over a certain range of some varying parameters, such as
the depth of cut or the spindle speed. These ranges are thus
considered as parametric uncertainties. All three strategies
demonstrate a great potential to increase the productivity in
chatter-free conditions over a standard optimized PID controller.
The robust stabilization based on the speed-interval approach
presented in Chen and Knospe (2007) has been applied by van
Dijk, van de Wouw, Doppenberg, Oosterling, and Nijmeijer (2010,
2012) to the case of a high speed milling spindle fully supported by
active magnetic bearings.
Until now, no commercial product came out from the previously cited active structural developments making them of
marginal impact on the machine tool industry. This indicates that
further efforts must be provided in order to be able to transfer this
technology to industrial applications.
The mechatronic design of the active system proposed by Ries
et al. is well suited for an industrial transfer due to its high degree
of integration of the actuators and sensors into the spindle
structure but the proposed control strategies are limited to
collocated controls. As demonstrated by Chen and Knospe,
model-based controls taking a machining process model into
account present greater potential for chatter mitigation. However,
their application to representative machining conditions is still
missing.
This two-part paper presents an original concept used to
mitigate regenerative chatter in milling operation by the means
of an active structural control system integrated into an existing

high performance milling motor spindle unit in conjunction with
optimal control strategies. Two different model-based approaches
are presented and formulated in this ﬁrst part. The second part is
dedicated to the validation of the concept in representative
machining conditions.
The present paper starts with a description of the proposed
concept. The modeling of the overall considered system is then
detailed in the following section. This model is used for the design
of optimal control strategies presented in the next section. Before
the conclusion, both elaborated control strategies are compared in
a simulation example.

2. Proposed concept
The overall considered system is based on three interconnected
subsystems, namely the dynamics of the mechatronic system G,
also called plant, the milling process P and the controller C. The
interaction of these three subsystems is represented in Fig. 3. The
deviations z of the tool center point (TCP) due to the excitation of
the cutting forces w inﬂuence the effective chip thickness via the
regenerative effect R. This makes chatter susceptible to occur. On
the other side, some sensors deliver information y on the current
state of the machine structure to the controller. Based on this
information and a predeﬁned control strategy, the controller
provides reference signals u to an actuating system inﬂuencing
the machine structure dynamics.
In the following subsections, the mechatronic system integrated into the machine tool is described. The proposed control
strategies implemented in the controller are then presented.
2.1. Mechatronic system
Fig. 4 presents the integration of the mechatronic system used
for chatter mitigation into a high performance milling motor
spindle unit. The actuating system is formed by two pairs of
piezoelectric stack actuators working in push–pull conﬁguration
and acting on the radial degrees of freedom of the front bearing
support of the spindle shaft. The other degrees of freedom of the
bearing support are constrained using ﬂexible guiding system
(not represented). The sensing system is composed of two orthogonally positioned accelerometers nearly collocated with the

Fig. 3. Flowchart of overall system. C: controller transfer function; Gkj : transfer
function between the jth input and the kth output of the plant with j ¼ w; u and
k ¼ z; y; u: instruction signal delivered to actuating system; y: information provided
by sensing system.
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Fig. 4. Concept of active spindle. TCP: tool center point.

actuating system and is measuring the radial vibrations of the
front bearing support.
The design and the realization of the active spindle has been
done in collaboration with Step-Tec AG and led to the registering
of a patent (Schneider, Monnin, & Reinhard, 2010). The placement
of the actuating and sensing elements is based on the study of the
observability–controllability Gramians and their related Hankel
singular values.

2.2. Control strategy
Two different approaches may be used to improve the structural properties of the plant against chatter occurrence. The ﬁrst
one is called here disturbance rejection scheme. Its aim is to
minimize the inﬂuence of the disturbing forces w generated by the
process on the TCP deviations z. This approach does not explicitly
take the process interaction into account. The control objective is
thus formulated as the minimization of a certain norm of the
closed-loop transfer function between w and z.
In active structural methods, the great majority of applications
uses disturbance rejection schemes, and more speciﬁcally active
damping strategies, in order to improve the stability against
chatter. Their inﬂuence on the stability charts tends to shift
the lowest boundary of the lobes in larger depths of cut. These
are the solutions proposed by Ries et al. and Dohner et al.,
described in the previous chapter.
The other approach integrates the process dynamics into the
control design procedure. The control objective is to guarantee the
stability of the overall closed-loop system of Fig. 3 for the
considered machining conditions. Such strategy is called stabilization scheme. This corresponds to the solutions proposed by Mei
et al., Shiraishi et al. and Chen and Knospe.
Even if the disturbance rejection scheme may be considered as
an intermediate step before the stabilization scheme, it presents
several advantages that may be very useful in practice. The fact
that it does not require any process model considerably simpliﬁes
its design. More speciﬁcally, in the case of stabilization scheme, a
new controller must be designed for every considered machining
condition. The disturbance rejecting controller designed for a
speciﬁc tool assembly remains the same for all machining conditions. However, it is not able to prevent an eventual negative
impact on the stability in certain conditions and the stability of the
process must be veriﬁed after the synthesis step.
In the present paper, both approaches, disturbance rejection
and stabilization schemes, are formulated and investigated using
optimal control strategies.

3. Modeling
3.1. Passive mechatronic structure
Considering a constant spindle speed, the dynamics of the
plant are modeled by a linear time-invariant (LTI) system of the
form
"
#
wðtÞ
_ ¼ AxðtÞ þ B
xðtÞ
ð1Þ
uðtÞ
"

zðtÞ
yðtÞ

#

"
¼ CxðtÞ þ D

wðtÞ

#

uðtÞ

ð2Þ

where t is the time variable, the state vector is x A Rn and
" #
Cz
B ¼ ½Bw Bu ; C ¼
;
Cy
"
D¼

Dzw

Dzu

Dyw

Dyu

#
ð3Þ

and w A Rnw , z A Rnz , u A Rnu , y A Rny .
Basically, two different approaches may be used to derive the
constant state-space matrices A, B, C, D of the LTI model. A
physical model, able to capture the dynamics of the rotating
spindle shaft coupled with the bearings, the actuators and the
sensors, may be derived for instance using the ﬁnite element
method. It is also possible to use experimental data to determine
the parameter values of a predeﬁned mathematical model via
regression methods. The ﬁrst approach presents the advantage of
covering a wider range of conditions but the second one is usually
more accurate for a given condition.
Considering only the radial cutting forces acting on the tool and
its radial translational deviations (see Fig. 4), nw ¼ nz ¼ 2. Two
independent reference input variables are necessary to control the
actuating system. Also, the accelerometers of the sensing system
provide two input signals to the controller, so that nu ¼ ny ¼ 2.
In the Laplace domain, the transfer functions of the resulting
system can be written as
"
#
"
#
zðsÞ
wðsÞ
¼ GðsÞ
ð4Þ
yðsÞ
uðsÞ
where the Laplace variable is s and
"
#
Gzw ðsÞ Gzu ðsÞ
GðsÞ ¼
Gyw ðsÞ Gyu ðsÞ
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"
¼

#

Cz

"

ðsI AÞ

Cy

1

½Bw Bu  þ

Dzw

Dzu

Dyw

Dyu

#
ð5Þ

with I being the identity matrix.
3.2. Milling process
The model used to represent the cutting interaction is based on
the linear average cutting force mechanistic model proposed by
Altintas and Lee (1998). This model offers the advantage of
allowing an identiﬁcation of the empirical cutting force coefﬁcients for a given tool-workpiece pair using a quite simple
procedure. It expresses the differential cutting forces df j generated
on an inﬁnitesimal cutting edge of length dS on the jth tooth of the
cutter as the addition of shear and edge cutting forces like
df j ðt; zÞ ¼ ðKc hj ðt; zÞ dbðzÞ þ Ke dSðzÞÞg j ðt; zÞ

ð6Þ

where j ¼ 1; …; N t , with Nt being the number of cutter teeth and z
is the coordinate along the tool rotational axis. The instantaneous
chip thickness is hj and db is the inﬁnitesimal uncut chip width.
The scalar function gj determines whether the corresponding jth
tooth is immersed in the workpiece material or not and can be
expressed by
g j ðt; zÞ ¼ gðϕj ðt; zÞÞ
with

(

gðϕj Þ ¼

ð7Þ

The matrix m Tt corresponds to the transformation from the tool to
the machine coordinate system.
The term induced by the regenerative effect can be written as
wR ðtÞ ¼ KP ðtÞðzðt  T z Þ  zðtÞÞ

ð15Þ

where Tz is the time between two subsequent cuts.
The cutting stiffness matrix KP is given by
!
Z ap
Nt
1
t
m
m
KP ¼ 
Tt ∑
Tj Kc ½ sin ϕj cos ϕj  Tt g j dz :

ð16Þ

j¼1

0

Also,
1

if (k A Zjϕin r ϕj þ k2π r ϕout ;

0

otherwise:

ð8Þ

The entry and exit immersion angles are ϕin and ϕout, respectively.
Also, Kc and Ke are respectively the shear and edge cutting force
coefﬁcients deﬁned as
Kc ¼ ½K rc K tc K ac T ;

ð9Þ

Ke ¼ ½K re K te K ae T :

ð10Þ

The subscript ð:Þr corresponds to the radial component, ð:Þt , to the
tangential and ð:Þa , to the axial one.
Based on this model and approximating the nominal chip
thickness variation by a sine function, the resulting disturbance
cutting force vector can be written as
wðtÞ ¼ f P ðtÞ þ wR ðtÞ;

ð11Þ

where the function f P corresponds to the cutting forces resulting
from the kinematic variation of the chip thickness and the edge
cutting forces. The cutting forces induced by the regenerative
effect R are represented by wR , as depicted in Figs. 2 and 3.


Z ap
Nt
1
t
Tj Kc f z sin ϕj þ Ke
ð12Þ
g dz
f P ¼ m Tt ∑
sin κ cos λ j
j¼1 0
where the time and z dependencies are omitted for more convenience. The axial depth of cut is ap and fz is the feed rate per
tooth. λ and κ are the helix, respectively, the entering angles of the
cutter as shown in Fig. 5.
The function ϕj corresponds to the immersion angle of the jth
tooth given by

ϕj ðt; zÞ ¼

Fig. 5. Geometrical parameters of milling cutter. R: tool radius; z: axial coordinate
along tool rotational axis; κ: entering angle; λ: helix angle.

2π n
2π tan λðzÞ
t  ðj  1Þ 
z
60
Rj ðzÞ
Nt

ð13Þ

where n is the spindle speed in (rpm) and Rj, the radius of the
jth tooth.
The transformation matrix t Tj from the tooth to the tool
coordinate system is given by
"
#
 sin ϕj sin κ  cos ϕj  sin ϕj cos κ
t
Tj ¼
:
ð14Þ
 cos ϕj sin κ
sin ϕj
 cos ϕj cos κ

KP ðtÞ ¼ KP ðt þ TÞ;

f P ðtÞ ¼ f P ðt þ TÞ

ð17Þ

where T ¼ T z when considering an ideal tool without runout. If a
tool with runout is considered, T ¼ T n , with Tn being the time
period between two spindle revolutions.
The transfer function of the regenerative effect R between the
TCP deviations z and the corresponding cutting forces wR can thus
be written as
wR ðsÞ ¼ RðsÞzðsÞ

ð18Þ

with
RðsÞ ¼ KP ðsÞðe  sT z  IÞ:

ð19Þ

3.3. Approximated system
In order to be able to apply standard tools for the control
design, the system formed by the plant coupled to the process
must be approximated by a LTI system.
To do so, the feedthrough terms of the plant, Dzw and Dzu , are
considered equal to zero. This is justiﬁed by the fact that, as every
displacement over force transfer functions, Gzw and Gzu present a
roll-off equal to 40 dB=decade above their main natural frequencies meaning that the resulting TCP deviations z tend to zero
as the frequency of the excitations w and u goes towards inﬁnity.
This allows to simplify the coupled system so that
_ ¼ ðA  Bw KP ðtÞCz ÞxðtÞ þ Bw KP ðtÞCz xðt T z Þ þ Bw f P ðtÞ þ Bu uðtÞ
xðtÞ
ð20Þ
zðtÞ ¼ Cz xðtÞ

ð21Þ

yðtÞ ¼ ðCy  Dyw KP ðtÞCz ÞxðtÞ þ Dyw KP ðtÞCz xðt  T z Þ þ Dyw f P ðtÞ þ Dyu uðtÞ:

ð22Þ
The periodic time-varying coefﬁcients of the differential equations can be approximated by their average values. This approximation is especially acceptable for large immersion angles and
cutter with important number of teeth because in this case, the
high frequency harmonics of the Fourier series expansion of the
cutting stiffness matrix present low amplitudes. Furthermore,
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these high frequency terms are usually low-pass ﬁltered by the
dynamics of the machine as explained by Altintas (2000). The
average value of the periodic coefﬁcients is given by
Z
1 t0 þ T
KP ¼
KP ðtÞ dt
ð23Þ
T t0
where T ¼ T z , if an ideal tool without runout is considered, and
T ¼ T n , if a runout is modeled.
The delay terms are approximated by proper rational functions
of nd th order using Padé approximation. For
xT ðtÞ ﬃ xðt  TÞ;

ð24Þ

the Laplace transform gives
xT ðsÞ ﬃ e  sT xðsÞ:

ð25Þ

One deﬁnes the following LTI state-space system,
x_ d ðtÞ ¼ Ad xd ðtÞ þ bd xðtÞ

ð26Þ

xT ðtÞ ¼ cd xd ðtÞ þ dd xðtÞ;

ð27Þ

such that
cd ðsI  Ad Þ

1

bd þ dd ﬃ e

 sT

ð28Þ

nd

with xd A R .
Let xk(t) being the kth element of the state vector xðtÞ and
xT;k ðtÞ, the approximation of the kth element of the delayed state
vector xðt  TÞ. If one considers a constant time delay and an
approximation based on the same order nd for all the elements of
the state vector, the approximate delayed state vector can be
written as
xT ðtÞ ¼ CD xD ðtÞ þDD xðtÞ

ð29Þ

where
2

3
xT;1
6
7
6 xT;2 7
7
xT ¼ 6
6 ⋮ 7;
4
5
xT;n
2
3
xd;1
6x 7
6 d;2 7
7
xD ¼ 6
6 ⋮ 7;
4
5
xd;n

yðtÞ ﬃC′GPy x′ðtÞ þ Dyw f P ðtÞ þ Dyu uðtÞ
with

"

A′GP ¼
B′GPw ¼
C′GPy

ð36Þ

A þ Bw K P Cz ðDD  IÞ

Bw K P Cz CD

BD

AD



Bw
0

h


;

B′GPu ¼



Bu
0


;

¼ Cy þ Dyw K P Cz ðDD  IÞ

#
;

i
Dyw K P Cz CD ;

C′GPz ¼ ½Cz 0:

ð37Þ

The stability of the process-machine structure interaction can
by studied by the eigenvalues of the matrix A′GP . It is to note that
the forcing term f P does not play any role on the process stability.

4. Active structural control strategies
4.1. Generalized plant deﬁnition
For the design of the controller, a generalized plant GP , which
may be represented by Fig. 6, is deﬁned so that its generalized
output vector zP is extended by integrating all variables to be
minimized and similarly, the extended exogenous input vector wP
integrates all input variables susceptible to disturb the system.
Moreover, the generalized plant may integrate some frequencydependent weighting functions in order to adjust the performance
and stability robustness of the resulting closed-loop system.
The generalized plant is therefore deﬁned as
2
3
GPzw ðsÞ GPzu ðsÞ
P
4
5;
ð38Þ
G ðsÞ ¼
GPyw ðsÞ GPyu ðsÞ
so that
"
#
zP ðsÞ

x T A Rn ;

161

yðsÞ

2
¼4

GPzw ðsÞ

GPzu ðsÞ

GPyw ðsÞ

GPyu ðsÞ

3"
5

wP ðsÞ
uðsÞ

#
:

ð39Þ

The state-space realization of GP over xP A RnP is
x D A Rn d n

ð40Þ
Considering this generalized plant, H2 and H1 optimal controllers try to minimize the H2 , respectively the H1 norm of the
closed-loop transfer function FP given by

and
CD ¼ diagðcd ; cd ; …; cd Þ;
DD ¼ diagðdd ; dd ; …; dd Þ:

ð30Þ

P

where S ðsÞ ¼

The dynamics of the state vector xD is thus given by
x_ D ðtÞ ¼ AD xD ðtÞ þ BD xðtÞ

ð31Þ

with
AD ¼ diagðAd ; Ad ; …; Ad Þ;
BD ¼ diagðbd ; bd ; …; bd Þ:
The global state vector
"
#
x~
x′ ¼
xD

FP ðsÞ ¼ GPzw ðsÞ þ GPzu ðsÞCðsÞSP ðsÞGPyw ðsÞ

ð32Þ

ð41Þ

ðI  GPyu ðsÞCðsÞÞ  1 .

4.2. Control objectives
The great interest of such norm controllers is to synthesize an
optimal or suboptimal controller Copt which minimizes a given
norm of the transfer function FP and implicitly guarantees the
stability of the resulting closed-loop system.

ð33Þ

can be deﬁned, where x~ is an approximation of x. By integrating
(29) and (31) into the system described by relations (20)–(22) and
by approximating the periodic coefﬁcients by their average value,
the following LTI system is obtained.
_
x′ðtÞ
¼ A′GP x′ðtÞ þ B′GPw f P ðtÞ þB′GPu uðtÞ

ð34Þ

zðtÞ ﬃC′GPz x′ðtÞ

ð35Þ

Fig. 6. Closed-loop system with generalized plant. FP : closed-loop transfer function
between generalized input and output vectors; GP : generalized plant; wP : generalized input vector; zP : generalized output vector.
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As deﬁned in Skogestad and Postlethwaite (2007), the H2
control objective is to ﬁnd the optimal controller minimizing
‖FP ðsÞ‖2 ;

ð42Þ

such that Copt stabilizes GP .
Similarly, given a scalar γ 4 γ min , the H1 control objective is to
ﬁnd all the suboptimal stabilizing controllers leading to
‖FP ðsÞ‖1 r γ ;

ð43Þ

where γ min corresponds to the minimum value of ‖F ðsÞ‖1 over all
stabilizing controllers.
Because of its speciﬁc properties, the H1 norm is usually
employed for robust control. Here, a deterministic model is
considered and the formulation of the optimal problem using
both norms allows to select the most appropriate one depending
on the encountered problem to solve. The resolution of the
optimal control problem using both norms with their particularities is described by Doyle, Glover, Khargonekar, and Francis
(1989).
P

4.3. Disturbance rejection scheme
Fig. 7 represents the chosen structure of the generalized plant
for the application of disturbance rejection scheme. The output
vector is extended by considering also the variable u in order to be
able to inﬂuence the control effort. The resulting output variables,
z and u, are weighted using the functions Wz and Wu , respectively.
Also, the exogenous input variables are extended with a new input
variable v representing the measurement noise inﬂuencing the
control input y, so that
yðtÞ ¼ Cy xðtÞ þ Dyw wðtÞ þ Dyu uðtÞ þ vðtÞ:

Considering the state-space realization of the plant G over
x A Rn ,

ð44Þ

Two weighting functions, Ww and Wv , are used to inﬂuence the
extended exogenous input variables, w and v, respectively. As
represented in Fig. 6, the resulting extended input and output
vectors of the generalized plant are
"
#
" #
w1
z1
wP ¼
; zP ¼
:
ð45Þ
w2
z2

ð47Þ
and the previous state-space realizations for the weighting functions, the state-space matrices of the generalized plant GP become
2
3
A
Bw Cw1
0
0
0
6 0
0
0
0 7
Aw1
6
7
6
7
P
7;
0
0
0
0
A
A ¼6
w2
6
7
6B C B D C
0
Az1
0 7
4 z1 z
5
z1 zw w1
0
0
0
0
Az2
2
3
2
3
Bu
Bw Dw1
0
6
7
6
7
0 7
Bw1
6 0 7
6
6
7
6
7
P
P
6
7
0
Bw2 7
Bw ¼ 6
6
7; B u ¼ 6 0 7;
6D 7
6
7
0 5
4 zu 5
4 Bz1 Dzw Dw1
Bz2
0
0
"
#
C
D
D
C
0
C
0
D
z1 z
z1 zw w1
z1
;
CPz ¼
0
0
0 0 Cz2
CPy ¼ ½Cy Dyw Cw1 Cw2 0 0;
"
#


Dz1 Dzu
Dz1 Dzw Dw1 0
DPzw ¼
;
; DPzu ¼
Dz2
0
0
DPyw ¼ ½Dyw Dw1 Dw2 ;

DPyu ¼ Dyu ;

for a state vector deﬁned as
2
3
x
6x 7
6 w1 7
6
7
7
xP ¼ 6
6 xw2 7:
6x 7
4 z1 5
xz2

ð48Þ

ð49Þ

The size of this vector is equal to
nP ¼ n þ nw1 þ nw2 þ nz1 þ nz2 :

ð50Þ

4.4. Stabilization scheme
Assuming proper transfer functions for the weighting function,
their corresponding state-space realizations over, respectively,
xw1 A Rnw1 , xw2 A Rnw2 , xz1 A Rnz1 and xz2 A Rnz2 , are

ð46Þ

In order to be able to apply optimal control techniques feasible
to stabilize the plant, a representative LTI model of the coupled
system formed by the plant and the process is used. The approximated model described by Eqs. (34)–(36) is used here.
In this case, one only cares about the process stability. As
noticed in Section 3.3, the forcing term f P does not play any role on
the stability of the system. One can thus replace it by another more
general exogenous variable w′ that can be used to formulate a
control objective focused on the TCP dynamics. This resulting
system is represented by Fig. 8. It corresponds to the case where
an exogenous input w′ is added to the cutting forces wR resulting
from the regenerative effect and where w′ represents the deterministic forcing term f P and some eventual stochastic additional
loads occurring at the TCP. This system is represented by the
following state-space realization over x′A Rðnd þ 1Þn ,
ð51Þ

Fig. 7. Signal-based design of norm controller for disturbance rejection scheme.
Wj : weighting function corresponding to the jth variable, j ¼ w; v; z; u; wk ; k ¼ 1; 2:
weighted input variables; zk ; k ¼ 1; 2: weighted output variables.

The state-space matrices of the aforementioned expression are
given in Section 3.3.
Similarly as for the disturbance rejection case, one builds a
generalized plant by extending the exogenous inputs and outputs
vectors and by adding weighting functions as represented in Fig. 9.
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"
CPz ¼

Dz1 C′GPz

0

0

Cz1

0

0

0

0

0
"

Cz2
#


DPzw ¼

163

0
0

0
0


;

DPzu ¼

0

Dz2

#
;

;

CPy ¼ ½C′GPy Dyw Cw1 Cw2 0 0;
DPyw ¼ ½Dyw Dw1 Dw2 ;

DPyu ¼ Dyu :

ð53Þ

The dimension nP of the resulting generalized plant is equal to
nP ¼ ðnd þ 1Þn þ nw1 þ nw2 þnz1 þ nz2 :

Fig. 8. Considered system for stabilization scheme. GGR : system representing the
mechatronic machine structure coupled with the regenerative effect; w′: exogenous disturbance variable.

ð54Þ

To summarize, the control design consists in determining
adequate weighting functions Ww , Wv , Wz , Wu and use the
state-space matrices of the resulting generalized plant in conjunction with the Matlabs functions h2syn or hinfsyn available in
the Robust Control toolbox to synthesize the optimal controller.
These functions are based on the algorithm using the two-Riccati
formulae presented by Doyle et al. (1989).

5. Simulation results
This section presents some results of simulations in order to
illustrate the difference between the disturbance rejection and
the stabilization schemes. A H2 controller with constant weighting functions is used to synthesize both controllers. The mechatronic structural and milling process models used here are
detailed in the second part of this contribution (Monnin, Kuster, &
Wegener, 2013).

5.1. Disturbance rejection scheme

Fig. 9. Signal-based design of norm controller for stabilization scheme.

The corresponding state-space realization over xP A RnP is given by

ð52Þ

where
2

x′

3

6x 7
6 w1 7
6
7
7
x ¼6
6 xw2 7;
6x 7
4 z1 5
xz2
2
A′GP
6
0
6
6
0
AP ¼ 6
6
6
′
4 Bz1 CGPz
P

2
6
6
6
P
Bw ¼ 6
6
6
4

0
B′GPw Dw1
Bw1
0
0
0

B′GPw Cw1

0

0

Aw1

0

0

0
0

Aw2
0

0
Az1

0
0

3

7
0 7
7
Bw2 7
7;
7
0 5
0

0

2

0

0

3

7
0 7
7
0 7
7;
7
0 5
Az2
3

B′GPu
6 0 7
6
7
6
7
7;
0
BPu ¼ 6
6
7
6
7
4 0 5
Bz2

The results obtained using disturbance rejection scheme are
presented in Fig. 10. The chart in the upper left-hand side
compares the dynamic compliance functions at the TCP when no
control is applied (open-loop) with the closed-loop frequency
response functions (FRFs). The ordinate axis represents the maximum singular value (MSV) of the FRFs scaled relatively to the
peak compliance when no control is applied, indicated by the
horizontal interrupted line. The critical mode responsible for
chatter occurrence corresponds to the dominant resonance peak
visible on the open-loop FRF located around 700 Hz. A magnitude
reduction of 32% of this critical resonance peak is achieved using
the synthesized disturbance rejecting controller whose FRF is
represented in the lower left-hand side chart.
The plot on the right-hand side of Fig. 10 shows the stability
charts corresponding to the FRFs predicted by the ZOA method.
The critical axial depths of cut (DOCs) are represented relatively to
the unconditionally stable axial DOC, i.e. the lowest bound of the
stability lobes, when no control is applied and indicated by the
horizontal interrupted line. The disturbance rejecting controller
achieves an increase of the unconditional stability limit equal to
45%. One notes that the inﬂuence of the controller tends to globally
increase the process stability limit. However, it does not guaranty an
improvement of the stability for all spindle speeds, as it is noticeable for the spindle speed range around 2800 rpm. This is due to the
fact that the disturbance rejecting controller focuses its action on
the dominant resonance peaks but may have a negative impact on
the less dominant frequency ranges. This is visible on the plot of the
FRFs at TCP. As the zones of higher stability located between two
lobes are dependent on this less dominant dynamics, a decrease of
the stability limit may be observed in these regions.
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Fig. 10. Predicted FRFs and stability charts applying disturbance rejecting H2 controller. FRF: frequency response function; MSV: maximum singular value; DOC: depth of cut.
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Fig. 11. Predicted FRFs and stability charts applying stabilizing H2 controller designed for three different axial depths of cut at 2300 rpm. kf TP : tooth passing frequency
harmonics.

5.2. Stabilization scheme
For the stabilization scheme, the control design considers two
spindle speeds, corresponding to different locations in the stability
lobes, where three different axial DOCs are investigated. The
obtained results are presented in Figs. 11 and 12.
The upper chart on the left-hand side of Fig. 11 compares the
FRFs at the TCP when no control is applied with the closed-loop
FRFs obtained by using the stabilizing controllers designed for the
spindle speed: n ¼ 2300 rpm, and three different axial DOCs equal
to 1.5, 2.0 and 2.5 mm, corresponding to the cases A, B and C,
respectively. One notes that, in order to improve the process
stability at 2300 rpm, the controller attempts to generate an
additional resonance close to the 19th harmonic of the tooth
passing frequency located at 767 Hz. In the lower left-hand side
chart of Fig. 11, it can be seen that the peak magnitude of the
controller transfer function is one order smaller than for the case
of the disturbance rejecting controller.
The related stability charts are presented on the right-hand
side of Fig. 11. The round, square and diamond symbols represent

the machining conditions considered for the control design.
All three synthesized controllers succeed to stabilize the selected
machining conditions. The chosen spindle speed corresponds to a
lower bound of the stability limit. The additional resonance peak
generated by the controller tends to horizontally shift the stability
lobes so that the selected spindle speed is relocated between two
lobes in a higher stability region. With this mechanism, more than
a doubling of the stability limit is predicted using the synthesized
controllers. However, this increase of the stabilized depth of cut is
only possible at the expense of a narrower stability area surrounding the machining condition selected for the control design
susceptible to lead to robustness issues. Also, the additional
resonance may induce a decrease of the lowest stability boundary
which can be detrimental if this controller is used at another
spindle speed.
Similarly, stabilizing controllers are synthesized for the spindle
speed: n ¼2700 rpm. Unlike the previous example, this spindle
speed coincides with a higher stability zone of the open-loop
stability lobes diagram. The resulting closed-loop transfer functions at the TCP and the corresponding stability charts are shown
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Fig. 12. Predicted FRFs and stability charts applying stabilizing H2 controller designed for three different axial depths of cut at 2700 rpm.

in Fig. 12. In this case again, the stabilizing controllers attempt to
generate additional resonances at the TCP close to the tooth
passing harmonics. The predicted stability charts indicate a successful stabilization of the selected machining conditions.

5.3. Observations
By comparing the results obtained with both types of controllers, one notes that their working principle is completely
different. Where disturbance rejection scheme tends to minimize
critical resonance peaks, the stabilization scheme generates additional resonances at speciﬁc frequencies. This makes the disturbance rejecting controller suitable when the active system is also
used to damp some forced vibrations at the TCP. Its inﬂuence on
the stability charts induces a global increase of the lower stability
limit over the whole spindle speed range. This means that an
operator selecting conservative machining conditions below the
lowest critical depth of cut could increase its productivity in
chatter-free conditions independently of the spindle speed. By
taking this into account and the fact that its synthesis is much
more simpler than a stabilizing controller because it does not need
any process model, disturbance rejecting controller is very interesting from a practical point of view.
However, for a given spindle speed, the stabilizing controller is
able to stabilize greater depths of cut in comparison with the
disturbance rejecting controller but requires a redesign for every
different selected machining condition. Also, even if an increase
of the stability limit for every chosen spindle speed cannot be
guaranteed, stabilization scheme presents the advantage of preventing any decrease of the process stability, which is not the case
for the disturbance rejection scheme.
The frequency response of the controller provides a rough
image of the effort required by the actuating system and can be
used to compare both control strategies. In the worst case, i.e. for
a machining process presenting a tooth passing frequency harmonic corresponding to the frequency of the peak magnitude of the
controller frequency response, the disturbance rejecting controller
would require approximately ten times more effort from the
actuating system. This may be intuitively understood by the fact
that the stabilizing controller takes into account more information
so that its action is more efﬁcient and targeted on its control
objective, which is the stabilization of a machining condition.

6. Conclusion
In the current paper, an active structural control concept
is presented for the mitigation of chatter occurrence in milling
operation. A model of the mechatronic structure dynamics
coupled with the milling process is described. This model allows
the original formulation of two different control strategies, namely
the disturbance rejection and stabilization schemes, feasible to
improve the milling process stability. The comparison of both
strategies using simulation indicates completely different working
principles. The disturbance rejection scheme tends to damp the
critical resonance peak leading to an increase of the lower bound
of the stability chart. Conversely, the stabilization scheme generates additional resonance peaks at speciﬁc frequencies allowing
the creation of a zone of higher stability around the spindle speed
selected for the control design. Furthermore, the proposed disturbance rejection scheme presents several practical advantages
but assuming an accurate milling process modeling, stabilizing
controller is susceptible to achieve a greater and more efﬁcient
improvement of the productivity in chatter-free conditions.
The experimental validation of the proposed concept is presented in the second part of this two-part paper (Monnin et al.,
2013).
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