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Abstract
Designing vibration-assisted drilling (VAD) toolholders requires accurately modeling the dynamics of the mechanical
structure and its electromechanical coupling with the piezoelectric actuator. The overall dynamics of the VAD toolholder
depends on the dynamics of its individual components (e.g., concentrator, piezoelectric disk, drill bit) and the interactions
between them. Modelling by substructure analysis therefore provides an efficient framework for studying the effect of each
component on the overall dynamics of the VAD system. Nonetheless, the existing substructure analysis methods are only
applicable to holders with basic concentrator geometry, which limits their application in designing high-performance holders.
In this paper, Receptance Coupling Substructure Analysis (RCSA) is used to combine the dynamic models of the toolholder’s
components to determine its vibration response to the electrical excitation of the piezoelectric actuator. This method allows
for combining the 3D finite element models of the concentrator with the simplified and analytical models of the rest
of the VAD components, enabling the inclusion of complex concentrator designs in modeling without imposing a large
computational load. Furthermore, because this method couples the mechanical model of the structure with the electrical
model of the piezo-actuator’s impedance, it can be used as a design tool to modify the toolholder’s natural frequencies
by tuning the electrical impedance of its piezoelectric components. This possibility effectively converts the piezoelectric
components to mechanical members with adjustable structural dynamics, while they also actuate vibrations. Both axial and
axial-torsional VAD toolholders are studied in this work, and the accuracy of the presented modelling approach is verified
experimentally.

Keywords Vibration-assisted drilling · Receptance coupling substructure analysis · Structural modification ·
Piezoelectric properties

1 Introduction

Adding high-frequency microvibrations to the tool’s motion
in vibration-assisted machining has shown to reduce the
forces, tool wear, and heat during the process [1]. The
use of this method in drilling operations is known as
Vibration-Assisted Drilling (VAD), which is widely used to
reduce tool wear and workpiece damage (e.g., delamination)
when drilling abrasive and brittle materials such as fiber-
reinforced polymer composites [2, 3].
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Vibration-assisted machining is most effective when the
velocity of the added vibrations is greater than cutting
speed [4, 5]. Under such conditions, the continuous
chip generation process turns into a vibro-impact process
where the tool is in contact with the workpiece only in
small fractions of time. Consequently, these high-frequency
interruptions in tool-chip contact lead to the reduction of
the average machining forces, heat, and tool wear [4]. The
common approach to generate high-velocity vibrations in
VAD is to excite the resonance mode of the toolholder using
piezoelectric actuators incorporated in their structures.
The VAD toolholders that are designed for this approach
typically consist of the back mass, piezoelectric transducer,
concentrator (waveguide), and a drill bit, which are
assembled in series (see Fig. 1). The AC voltage provided
to the piezoelectric transducers generates vibrations, which
are then amplified and transmitted to the drill tip by
the concentrator. Vibrations in VAD toolholders are either
generated in single axial (A) direction, or simultaneously
in axial and torsional (A-T) directions. In axial toolholders,
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Fig. 1 Mechanical components
and joint models of the axial and
axial-torsional toolholders

Tightening Bolt

Back Mass

Piezoelectric Transducer

Axial Concentrator

Axial-torsional Concentrator

Drill bit

the microvibrations in the cutting zone are directed in
the feed direction, but they are directed in both cutting
and feed directions in axial-torsional toolholders. Since
the additional vibrations in the cutting direction further
reduce friction, compared to axial toolholders, torsional-
axial toolholders lead to a greater reduction in heat, forces,
and tool wear [6]. The simultaneous axial and torsional
motions can be generated using two sets of piezoelectric
actuators [7–9], where one set is polarized in the axial and
the other in tangential directions. Although this method
provides flexibility to combine axial and torsional motions
with arbitrary amplitudes, it requires more sophisticated
vibration generation and control systems. Alternatively, the
shape of the concentrator can be designed (e.g., via helical
or slanted grooves) to generate a coupled axial-torsional
vibration mode that is resonated using a single set of axially
polarized piezoelectric actuators [10–12].

To optimize the performance of the VAD system,
its mechanical and electrical components are designed
to generate maximum vibration velocity at the drill tip
while minimizing the electrical impedance of the actuators.
Achieving these objectives requires accurately modelling
the toolholder’s structural dynamics (i.e., vibration modes),
as well as the dynamics of its electro-mechanical coupling
with the piezoactuators. Finite Element Modeling (FEM) is
commonly used for the dynamic analysis of VAD systems
in the design stage [13–15]. Finite element models enable
the use of components with complex geometries in the
design, which is particularly important in designing A-T
concentrators. Nonetheless, the FEM of the piezoelectric
actuator’s electromechanical dynamics is complex and
challenging. In addition, FEM is computationally expensive
and therefore inadequate for optimization or control
algorithms. Since the dynamics of the VAD toolholder
is determined by the dynamics of its individual electro-
mechanical components and interactions between them,
substructure analysis provides an efficient framework for
their design optimization. A widely used method for

substructure analysis models the coupled electromechanical
system by an equivalent electrical system. In this method,
the mechanical impedance of each component (e.g.,
concentrator and the back mass) is represented by an
equivalent electrical impedance in a circuit that describes
the overall dynamics of the system. The equivalent electrical
circuit provides a simplified model of the toolholder’s
electro-mechanical dynamics, which can be efficiently
used in its design and control [9, 16, 17]. This method
also allows for coupling the electrical impedance of the
piezoelectric circuit with the dynamics of the mechanical
system, which is important for impedance matching to
reduce power loss. Despite these advantages, the equivalent
electrical impedance of the concentrator is usually obtained
by assuming one-directional wave propagation [16] in
axial resonance, which makes it mostly applicable to axial
concentrators with a simple geometry (e.g., cylinder). Al-
Budairi et al. [10] presented an analytical method to extend
the equivalent circuit method to A-T concentrators by
projecting the axial wave on to the axial and tangential
directions; however, this method is only applicable to
concentrators with helical or slanted grooves. Besides,
although the stiffness and damping in the joints of the
toolholder usually effect the overall dynamics significantly,
joint compliance is neglected in the existing models. This
paper improves the current substructure analysis methods
by (a) enabling the use of concentrators with arbitrary
geometry, and (b) by considering joint compliance in
modeling.

In this paper, a coupled electro-mechanical substructure
analysis is presented to study the dynamics of VAD
toolholders. This new method uses Receptance Coupling
Substructure Analysis (RCSA) [18, 19] to mathematically
assemble the Frequency Response Functions (FRFs) of
the individual electrical or mechanical components of
toolholders to obtain the vibration response at the drill tip as
well as the impedance of the electrical circuit of the actuator.
Analytical or simplified 1D finite element models are used
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to obtain the FRFs of individual components except the
concentrator, which is modelled using 3D FEM to enable
considering their complex geometry. Combining the 3D
FEM of the concentrator with the simplified models of
the rest of the components reduces the computational cost
of the model, making it suitable for design optimization
algorithms. This method also considers the stiffness and
damping in the joints by modelling them as linear springs
and dampers with experimentally determined coefficients.
Furthermore, the presented new method is used as a design
tool to modify the structural dynamics of the toolholder (i.e.,
resonance frequencies) by changing the impedance of its
external electrical circuit, effectively using the piezoelectric
disks as a structural member with adjustable stiffness.
The accuracy of the presented method in modelling the
electromechanical dynamics of VAD toolholders and its
effectiveness as a design tool for structural modification is
validated experimentally.

In the next section, RCSA is used to couple the frequency
response functions of the mechanical components of the
toolholder to determine its vibration response at the drill
bit due to the harmonic excitation at the piezo-actuator.
The model of the toolholder’s structural dynamics is
coupled with the electrical impedance of the piezoelectric
in Section 3 to complete the electromechanical modeling
of the toolholder. In Section 4, the structural modification
of the toolholder by adjusting the impedance of its external
circuit is discussed. Experimental validations are presented
in Section 5.

2Mechanical substructure coupling

Figure 1 shows the mechanical components of the axial
(A) and axial-torsional (A-T) VAD holders studied in this
work. Both of the devices consist of the back-mass (m),
piezoelectric disks (p), and the tightening bolt (b) that
connects them to the concentrator (c). The combination of
the concentrator and drillbit (d) acts as a wave-guide to
amplify and transmit the generated axial vibration waves
to the tip of the drill bit. As shown in Fig. 1, the
A and A-T holders differ only in the shapes of their
concentrators. In the A holder, the generated waves remain
axial throughout the concentrator, but the helical grooves
of the A-T concentrator convert a part of the axial wave to
torsional vibrations. In both of the holders, depending on its
length, the drill bit also converts a part of the axial wave to
torsional vibrations.

Dynamics of the assembled system is determined
by the dynamics of its individual components and the
interactions between them. In this section, the piezoelectric
disks are assumed to be short-circuit, converting them to
solely mechanical components, and Receptance Coupling

Substructure Analysis (RCSA) [18] is used to determine
the axial and torsional response at the tip of the drill bit
due to harmonic axial forces at the piezoelectric disks. The
approach used in this study is to divide the system into
several components with relatively simpler geometry, which
are then coupled step-by-step using the RCSA method.

2.1 Step-by-step coupling of substructures

The flowchart of of the step-by-step assembly process, the
dimensions of each component, and the applied degrees
of freedoms (DOFs) are shown in Fig. 2. The material
properties corresponding to each component are provided
in Table 1. The lateral deflections are neglected because
they are not coupled with torsional and axial deflections and
thus can be studied independently. The resultant axial force
and deflection at each end of each individual component
in Fig. 1 are denoted fi and xi , respectively, where the
index i contains a digit and a letter (or letters). The digit 1
indicates the DOF at the back node of the component, and
2 indicates the DOF at its front node (closer to drill bit).
The letters determine the substructure that the DOF belongs
to. For example, x1s denotes the axial deflection at the back
end of substructure s shown in Fig. 1. Similarly, torsional
deflections and torques are denoted θi and ti , respectively.
The DOFs that are used in each step of the assembly are
shown in Fig. 2. In frequency domain, the deflections at
node i resulting from the forces applied at node j can be
expressed using the receptance matrix between node i and
j as follows:

Xi = HijFj

Xi =
{

xi

θi

}
;Hij =

[
h

xf
ij hxt

ij

h
θf
ij hθt

ij

]
;Fj =

{
fj

tj

}
(1)

where Hij is the receptance matrix of an individual com-
ponent with free-free end conditions. The method used to
obtain the receptance matrix of each individual compo-
nent is shown in Fig. 2. The joint stiffness and damp-
ing at the drill-concentrator and concentrator-piezoelectric
interfaces are represented by mass-less linear and tor-
sional springs and dampers shown in Fig. 1. Assum-
ing uncoupled axial and torsional stiffness and damping,
the joint stiffness matrices are expressed as follows:

Kjd =
[

Ka
jd + iCa

jd 0
0 Kt

jd + iCt
jd

]

Kjc =
[

Ka
jc + iCa

jc 0
0 inf

] (2)

where Kjd and Kjc are associated with the joints at
drill-concentrator and concentrator-piezoelectric interfaces,
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Fig. 2 The chart of step-by-step coupling of substructures, and the components of the VAD holder with their associated DOFs, dimensions (in
millimeter), and modelling approaches
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Table 1 Material properties of toolholder components

Drill bit Piezoelectric Other

Density (kg/m3) 15,630 7600 7800

Young’s modulus (GPa) 530 63 200

Poisson’s ratio (1) 0.3 — 0.3

Piezoelectric constant
(m/V or C/N)

— 300 × 10−12 —

respectively, as shown in Fig. 1. The inf element of the
matrix stands for a relatively large number representing the
almost perfectly rigid torsional interface between the con-
centrators and the piezoelectric transducer. Note that all
of the displacement, force, voltage, current, and electric
charge variables in this study are functions of frequency,
which are omitted from notation for simplicity. In RCSA
method, displacement compatibility and force equilibrium
conditions governing the coupling between every two con-
nected components are used to determine the receptances
of their assembly. In each step of the coupling explained
in the following sections, only the applied equilibrium and
compatibility conditions are discussed without presenting
detailed derivations of the RCSA method, as those details
can be found in references such as [18].

2.1.1 Back-mass assembly

As shown in Fig. 1, the back mass consists of two
hollow cylinders (s and l) that are connected to each
other by a truncated cone (t). Receptance matrices of the
cylindrical components are computed using the continuous
model of rod vibrations, explained in Appendix A. The
receptance matrix of the truncated cone is obtained using
rod finite elements, also explained in Appendix A. The
first coupling step is to couple the smaller hollow cylinder
(subsystem s) and the truncated cone (subsystem t). Using
the compatibility condition, X2s = X1t , and the equilibrium
condition, F2s = −F1t , the receptance matrix of their
assembly (st) is obtained as follows [18]:

H1st1st = H1s1s − H1s2s(H2s2s + H1t1t )
−1H2s1s

H1st2st = H1s2s(H2s2s + H1t1t )
−1H1t2t

H2st1st = H2t1t (H1t1t + H2s2s)
−1H2s1s

H2st2st = H2t2t − H2t1t (H1t1t + H2s2s)
−1H1t2t

(3)

The third segment of the back mass is the larger hollow
cylinder (subsystem l), which is coupled with substructure
st to build the back-mass substructure m. The compatibility
condition of X2st = X1l and the equilibrium condition of

F2st = −F1l are used to couple st and l, leading to the
following receptance matrices of back mass, m:

H1m1m = . . .

H1st1st − H1st2st (H2st2st + H1l1l )
−1H2st1st

H1m2m = H1st2st (H2st2st + H1l1l )
−1H1l2l

H2m1m = H2l1l (H1l1l + H2st2st )
−1H2st1st

H2m2m = . . .

H2l2l − H2l1l (H1l1l + H2st2st )
−1H1l2l

(4)

2.1.2 Coupling back mass with tightening bolt

The receptance matrices of the tightening bolt are also
obtained by using rod model (Appendix A.1) with free-
free end conditions. Subsequently, back mass (subsystem
m) is coupled with the tightening bolt (subsystem b) by
applying the compatibility condition of X1m = X1b and
the equilibrium condition of F1m = −F1b. As a result, the
receptance matrices of their assembly (mb) are obtained as
follows:

H1mb1mb = . . .

H2m2m − H2m1m(H1m1m + H1b1b)
−1H1m2m

H1mb2mb = H2m1m(H1m1m + H1b1b)
−1H1b2b

H2mb1mb = H2b1b(H1b1b + H1m1m)−1H1m2m

H2mb2mb = . . .

H2b2b − H2b1b(H1b1b + H1m1m)−1H1b2b

(5)

2.1.3 Coupling the assembly of back mass-tightening bolt
with piezoelectric transducers

The electro-mechanical constitutive law for an axially
polarized piezoelectric disc is expressed as follows [20]:

ε = SEσ + dpEp (6)

D = dpσ + ξσ Ep (7)

where ε stands for mechanical strain (m/m), σ for
mechanical stress

(
N/m2

)
, SE for mechanical compliance(

m2/N
)
measured in a constant electric field condition,

D for electric displacement
(
C/m2

)
, Ep for electric field

(V/m), dp for piezoelectric strain constants (m/V ) or
(C/N), and ξσ for permittivity (F/m) measured in a
constant stress condition. Equation 6 expresses the converse
piezoelectric effect, which is useful when the piezoelectric
disk is used as an actuator. Equation 7, on the other hand,
expresses the direct piezoelectric effect, which describes the
behavior of the piezoelectric disk when used as a sensor.

According to Eq. 6, when the two piezoelectric disks
are short-circuit (i.e., Ep = 0), they behave like hol-
low cylindrical disk with 1

SE modulus of elasticity. The
mechanical receptance matrices of short-circuit piezoelec-
tric transducers can be obtained using rod model with a
constant cross-section area (Appendix A.1). In order to
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couple the short-circuit piezoelectric disks (substructure p)
with the back mass and tightening bolt assembly (substruc-
ture mb), compatibility and equilibrium conditions X1mb =
X1p, X2mb = X2p, F1mb = −F1p, and F2mb = −F2p

are applied, leading to the following receptance matrices of
their assembly (mbp):
[
H1mbp1mbp H1mbp2mb

H2mbp1mbp H2mbp2mb

]−1

=
[
H1mb1mb H1mb2mb

H2mb1mb H2mb2mb

]−1

+
[
H1p1p H1p2p

H2p1p H2p2p

]−1

(8)

2.1.4 Coupling the concentrator with the drill bit

The receptance matrices of the drill bit are obtained using
the coupled nonlinear deflection model of pre-twisted
rods [21], as explained in Appendix A.3. The receptance
matrices of the A or A-T concentrators are obtained using
their 3D FEM to enable the use of complex geometric
features in their design. The resulting receptance matrices
of the drill bit and concentrator are coupled by applying
the compatibility condition of F1d = Kjd (X2c − X1d)

and equilibrium condition of F2c = −F1d to obtain the
receptance of the combined assembly (cd), as follows:

H1cd1cd = . . .

H1c1c − H1c2c

(
K−1

jd + H2c2c + H1d1d

)−1
H2c1c

H1cd2cd = H1c2c

(
K−1

jd + H2c2c + H1d1d

)−1
H1d2d

H2cd1cd = H2d1d

(
K−1

jd + H1d1d + H2c2c

)−1
H2c1c

H2cd2cd = . . .

H2d2d − H2d1d

(
K−1

jd + H1d1d + H2c2c

)−1
H1d2d

(9)

2.1.5 Complete mechanical assembly of the toolholder

The last coupling step is to attach the assembly mbp to the
assembly cd . Since the ultimate objective is to determine

the vibration response at the drill tip due to the harmonic
excitation from the piezoelectric disks, a pair of opposite-
direction external forces, fext , representing piezoelectric
actuation forces are applied at 1mbp and 2mbp DOFs of
the assembly, and RCSA is used to obtain the axial and
torsional response at the tip of the drill bit in the overall
toolholder assembly. Compatibility conditions governing
the coupling of mbp and cd sub-assemblies are expressed
as F1cd = Kjc(X2mbp − X1cd) and equilibrium conditions
are F1mbp = Fext and F2mbp + F1cd = −Fext , where
Fext = [fext 0]T . By applying these conditions in RCSA
method, X2cd is obtained as follows:

X2cd = H2cd1cd

(
K−1

jc + H1cd1cd + H2mbp2mbp

)−1

(
H2mbp1mbp − H2mbp2mbp

)
Fext (10)

where X2cd = [x2cd θ2cd ]T with x2cd being the axial and
θ2cd the torsional deflections of the drill’s tip in the complete
toolholder assembly.

2.2 Model validation using 3D finite element model

A 3D FEM developed in a commercial software is used
to verify the accuracy of the presented RCSA approach
in predicting the axial receptance (x2cd/fext ) and torsional
receptance (θ2cd/fext ) at the drill’s tip. All of the joints in
this section are assumed to be rigid with no dissipation.
The 3D FEM of the A and A-T toolholders developed
in COMSOL Multiphysics software are shown in Fig. 3,
and the resulting receptance plots are presented in Fig. 4.
This figure also shows the receptance plots obtained from
Eq. 10. To avoid infinite FRF magnitudes at resonance
peaks, 1% loss factor is considered in all of the materials.
The comparison of the receptance plots resulting from 3D
FEM and RCSA method shows that both axial and torsional
drill tip receptance functions are accurately predicted in
the vicinity of the target axial-torsional modes. The mode

Fig. 3 Excitation and
measurements of axial and
axial-torsional toolholders in
COMSOL Multiphysics
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Fig. 4 Comparison of the axial
and torsional receptances of the
axial and axial-torsional
toolholders computed using the
RCSA method and COMSOL
Multiphysics software

16 18 20 22 24

10
-8

10
-9

10
-10

10
-11

16 18 20 22 24

10
-8

10
-9

10
-10

10
-11

16 18 20 22 24

10
-5

10
-7

10
-9

16 18 20 22 24

10
-5

10
-6

10
-7

10
-8

A
x
ia

l 
F

R
F

 m
ag

n
it

u
d
e 

(m
/N

)
T

o
rs

io
n
al

 F
R

F
 m

ag
n
it

u
d
e 

(r
ad

/N
)

shapes of the two resonance peaks in the resulting FRFs
are shown in Fig. 5. As shown in this figure for both of
the holders, in the first mode (around 19 kHz), the holder
resonates axially to generate a combined axial-torsional
motion at the drill tip. In the second mode (above 20 Hz), the

drill bit itself resonates in the axial-torsional mode. In both
of the holders, the first mode is considered as the operated
VAD mode. Regardless of the type of the holder (A or A-
T), in all of the modes, axial and torsional motions appear
simultaneously due to the helical shape of the drill bit.

Fig. 5 Mode shapes of the axial
and torsional-axial toolholders
obtained in 3D FEM in
COMSOL Multiphysics
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3 Coupling the electrical impedance with the
structural dynamics

In Section 2, the piezoelectric disks were assumed to be
short-circuit and their actuation was represented by external
force, fext . In practice, this actuation force is generated by
providing AC voltage to the piezoelectric circuit. According
to Eq. 7, when the piezoelectric element is energized for
actuation, its overall deformation is the summation of the
portion caused by the mechanical forces at its two ends
(i.e., f1p and f2p) and the portion caused by the electric
field generated by the excitation voltage, V . Since the short-
circuit piezoelectric discs were modelled as uniform rod
structures in Section 2, the force-induced portion of the
deflection can be obtained using the receptance of the rod
with free end conditions, as follows:

x̄1p − x̄2p = 4

−ρAlω2 + π2A
lSE

(
f1p − f2p

)
(11)

where ρ, A, and l are the mass density, cross-section area,
and total length of the piezoelectric disks, respectively. Note
the total length depends on the number of disks used for
actuation. In Eq. 11, the rod receptance is synthesized by its
rigid-body mode and first deflection mode, and x̄1p and x̄2p
represent the force-induced portion of the total deflections,
x1p and x2p. The overall deflections are obtained by adding
the voltage-induced portion, which can be approximated as
dp

V
l
according to Eq. 6:

x1p − x2p = 4

−ρAlω2 + π2A
lSE

(
f1p − f2p

) + dp

V

l
l (12)

When the voltage-induced portions of the deflections
are replaced by fext applied to the short-circuit disks, the
overall deflection is expressed using the rod receptance
function as follows:

x1p − x2p = 4

−ρAlω2 + π2A
lSE

((
f1p−fext

)−(
f2p+fext

))

(13)

Comparing Eqs. 12 and 13, one can express the
equivalent actuation force fext as a function of the applied
AC voltage:

Fext = [fext , 0]
T ; fext = Adp

8

(
ρlω2 − π2

lSE

)
V (14)

The electric charge that is generated in the piezoelectric
circuit can be obtained by substituting the mechanical stress
(σ ) in Eq. 7 from 6, approximating the mechanical strain
by ε = (

x1p − x2p
)
/l, and replacing the electric field (Ep)

by the applied voltage (V ) as Ep = V/l, as follows:

q = DA= Adp

lSE

(
x1p−x2p

)+
(

ASEξσ − Ad2
p

lSE

)
V (15)

Subsequently, the generated electric current is obtained
as the time derivative of charge in Eq. 15. As a result, the
generated electric current is obtained, in frequency domain,
as follows:

I = jωq = Adp

lSE
jω

(
x1p − x2p

)+
(

ASEξσ − Ad2
p

lSE
jω

)
V

(16)

Equation 16 implicitly expresses the impedance of the
electric circuit of the piezoelectric, HI = I/V , where x1p
and x2p are obtained from the RCSA method presented in
Section 2:

X1p = [
H1mbp1mbp − H1mbp2mbp − H1mbp2mbp(
K−1

jc +H1cd1cd +H2mbp2mbp

)−1
(H2mbp1mbp (17)

−H2mbp2mbp)
]
Fext

X2p = [
H2mbp1mbp − H2mbp2mbp − H2mbp2mbp(
K−1

jc +H1cd1cd +H2mbp2mbp

)−1
(H2mbp1mbp (18)

−H2mbp2mbp)
]
Fext

4 Structural modification by electrical
impedance adjustment

Because of the electro-mechanical coupling in piezoelectric
materials, the modulus of elasticity of piezoelectric disks
can be altered by adjusting the impedance of their external
electric circuit. Adjusting the external impedance of the
piezoelectric disk to modify the resonance frequencies of a
step-type concentrator was studied by Lin et al. in [17]. The
configuration of the axial toolholder with adjustable electric
circuit is shown in Fig. 6, where one of the two piezoelectric
disks (p) is used for actuation, and the other one (a) is used
to change the resonance frequency of the structure.

In the RCSA method presented in Section 2, both of the
piezoelectric disks were used as actuators. In this section,
the presented RCSA method is modified to separate the
two disks to use one as actuator and the other one as an
adjustable structural member. This modification is achieved
by replacing the subsystem m in Section 2 by the assembly
ma that is made by coupling subsystems m with a, as shown
in Fig. 6. By applying the RCSA method, the receptance
matrix of subsystem ma is obtained as follows:

H1ma1ma = . . .

H1m1m − H1m2m(H2m2m + H1a1a)
−1H2m1m

H1ma2ma = H1m2m(H2m2m + H1a1a)
−1H1a2a

H2ma1ma = H2a1a(H1a1a + H2m2m)−1H2m1m

H2ma2ma = . . .

H2a2a − H2a1a(H1a1a + H2m2m)−1H1a2a

(19)
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Fig. 6 Axial toolholder with
adjustable electric circuit; Re,
Ce, and Le stand for resistance,
capacitance, and inductance of
external circuit; C0 is
capacitance of a piezoelectric
disk

where receptance matrices of subsystem a are obtained
using the rod model with a mechanical compliance that
is adjustable by changing the resistance (Re), capacitance
(Ce), or inductance (Le) of the electrical circuit attached
to it. This adjustable mechanical compliance is denoted by
Sadj . According to Kirchhoff’s voltage law, the current FRF
of the electric circuit shown in Fig. 6 is obtained as [22]:

He = Ie + I0

Ve

= jω

−Leω2 + Rejω + 1
Ce

+ jω

1
C0

(20)

As shown in Fig. 6, Ve is the voltage applied to
the RLC circuit, and Ie and I0 are the current passing
through the adjustable RLC circuit and the piezoelectric
itself, respectively. In this equation, C0 is the capacitance
of the piezoelectric disk. Although the value for C0 can
be computed based on the permittivity and geometric
dimensions of the disk, to eliminate uncertainties, the C0

value is measured directly using a RLC meter. This value
for each disk was estimated at C0 = 2.31nF .

According to Eq. 7, the total electric charge generated
in the piezoelectric consists of the mechanical component
(dpσ ) and the electrical component (ξσ Ep). Since the
electrical component is accounted for by modeling the
piezoelectric as a capacitance (C0), the generated electric
charge can be simplified to the q = Adpσ term
only. Consequently, the generated electric current can be
expressed as (Ie + I0) = jωAdpσ . By substituting
current from this equation in Eq. 20, the voltage across
the piezoelectric disk is obtained as a function of the
mechanical stress applied to its two ends:

HeVe = jωAdpσ → Ve = jωAdp

He

σ (21)

By considering the relation between electric field and
voltage, i.e., Ep = Ve/l, and substituting Eq. 21 in 6, the
equation describing a relation between mechanical stress
and mechanical strain is obtained, fromwhich the adjustable
mechanical compliance of the piezoelectric ring in sub-
system a is expressed as follows:

Sadj = SE − jωAd2
p

Hel
(22)

5 Experimental validation

The experimental setup used in this section is shown in
Fig. 7. In Section 2, Vibration modes in both axial and
axial-torsional holders were shown to include coupled axial-
torsional motions due to the helical geometry of the drill
bit. Therefore, considering the similar dynamics of axial and
axial-torsional toolholders, only an axial toolholder is used
in experimental validations. Axial and torsional vibrations
at the drill’s tip are measured using three accelerometers
rigidly attached to it using a lightweight plastic fixture.
The two peripheral accelerometers are used to measure the
torsional vibration and the central accelerometer is used to
measure the axial vibrations. A NI 9234 data acquisition
card is used to measure the resulting acceleration signals
as well as the voltage and current signals provided to the
piezoelectric disks. In this section, both of the piezoelectric
discs are used to actuate the holder. A voltage divider circuit
containing the resistorsR1 = 56kΩ andR2 = 10kΩ is used
to map the voltage applied to the piezoelectric transducer to
a tolerable range for the data acquisition card. The current
provided to the transducer is computed by measuring the
voltage drop in the resistor Rc = 100Ω . Excitation of the
system structure was performed by applying a sine-sweep
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Fig. 7 Experimental
measurement setup

signal with 5V amplitude and an increasing frequency in the
range of 15 to 24.5 kHz with the rate of + 30 Hz/s using a
RS PRO IFG8216A function generator. The excitation and
responses are measured at 51, 200 Hz sampling frequency
and the corresponding FRFs are obtained using the power
spectral densities of the excitation and response signals [23].

5.1 Model updating using experimental data

In model development by substructure coupling in
Section 2, joint interface dynamics were represented by
axial and torsional springs and dampers. In this section,
the joint dynamics are identified experimentally by employ-
ing an optimization algorithm to determine a set of joint
stiffness and damping coefficients that minimize the error
between the predicted and measured system dynamics.
Although the axial and torsional FRFs at the drill tip could
be used to define the objective function of the implemented
optimization method [24, 25], to make this method usable
in practical application where attaching accelerometers is
not possible, the FRF between the applied voltage and the
resulting current is used in this work instead.

The optimization objective function is defined such
that the difference between (1) natural frequencies of the
model and experimental measurements and (2) magnitude

of current FRF in its half-power bandwidth is minimized.
The objective (cost) function satisfying these criteria is
designed as:

L
(
Kjd ,Kjc

) = p1

(
ωn − ω

exp
n

ω
exp
n

)2

+ p2
1

Nω

Nω/2∑
i=−Nω/2(∣∣HI

(
ωn+iδω,Kjd ,Kjc

)∣∣−∣∣H exp
I

(
ω
exp
n +iδω

)∣∣∣∣H exp
I (ω

exp
n + iδω)

∣∣
)2

(23)

where HI is the current FRF computed by the RCSA
approach in Eq. 16. In Eq. 23, H

exp
I is the experimentally

measured current FRF, ωn is the natural frequency
computed by the RCSAmodel, ωexp

n is the natural frequency
measured experimentally, δω is the frequency resolution,
and Nω is the number of data points in the half-power
bandwidth. The natural frequencies, ωn and ω

exp
n , are

obtained from the measured and computed FRFs by using
peak-picking method [23]. The coefficients p1 and p2

are the weights of each term in the objective function.
The weight p1 is assigned a larger number relative to
the one assigned to p2 to ensure a better agreement
between the measured and computed FRFs in the vicinity
of the resonance peaks. Gradient descent method is used in
MATLAB to determine the joint parameters that minimize
the designed cost function.
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Table 2 Experimentally identified joint parameters

Clamping length (mm) 27.5 30 35

Ka
jd

(
109N/m

)
1.9224 1.5436 2.8416

Ca
jd

(
107N .s/m

)
9.6203 6.1777 11.3730

Kt
jd

(
102N .m

)
7.1503 6.0086 4.5666

Ct
jd

(
102N .m.s

)
1.4994 1.2600 0.9576

Ka
jc

(
1010N/m

)
7.5839 7.5839 7.5839

Ca
jc

(
1010N .s/m

)
3.1325 3.1325 3.1325

Joint’s damping and stiffness depend on its contact area,
tightening torque, and tribological properties. Because the
tightening torque of the bolt must remain at the value
recommended by the manufacturer of the piezoelectric
disks, stiffness and damping parameters remain relatively
unchanged for the joint between the piezoelectric disks
and the concentrator. Nonetheless, the clamping conditions

at the joint between the drill bit and the concentrator
may vary every time a drill bit is mounted on the holder.
Therefore, the parameters of the joint between the drill bit
and concentrator must be updated regularly. The updating
process is applicable in practical situations (even during
the machining process) since measuring electric current and
voltage is convenient. The experimental setup was prepared
for drill bit clamping lengths of 27.5, 30, and 35 mm.
The identified joint parameters for each case are shown in
Table 2, where the parameters of the joint between the drill
bit and the concentrator (joint jd) vary by the clamping
length.

Figure 8 shows the measured and computed axial,
torsional, and current FRFs of the toolholder when the
drills with the three different clamping lengths are used.
The computed FRFs in this plot were obtained using the
joint parameters shown in Table 2. The close agreement
between the measured and computed FRFs confirms the
accuracy of the presented modelling approach in predicting

Fig. 8 FRF magnitude plots for
different clamping lengths
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the electromechanical dynamics of the VAD toolholder.
The observed discrepancies between the measured and
predicted FRFs at higher frequencies are attributed to the
excitation of the bending modes of the toolholder due
to its manufacturing errors and misalignment, which are
not considered in modeling. As shown in Fig. 8, the
resonance frequency of the torsional-axial mode increases
by increasing the clamping length of the drill (i.e.,
shortening the overhang). The resonance frequency in the
case of 27.5mm clamping length is 18 kHz. In the case of
30mm clamping length, the resonance frequency remains
close to 18 kHz, which shows that the increased stiffness
due to the shorter overhang is offset by the more compliant
joint in this case (as shown in Table 2). In the case of 35mm
clamping length, the resonance frequency increases to 18.3
kHz as expected for a shorter overall overhang length and
stiffer joint.

5.2 Experimental validation of structural
modification by impedance adjustment

In this section, one of the piezoelectric disks is used as
an adjustable structural member to change the resonance
frequency of the toolholder while the second piezoelectric
disk is energized to excite vibrations. The method in
Section 4 is used to determine the FRFs of the system,
and the effectiveness of tuning each of the electrical
components, Re, Le, and Ce, on the dynamic response of
the toolholder is presented in Fig. 9. The theoretical results
shown in this figure are validated experimentally in Fig. 10.

In Fig. 9a and b, Ce = 1nF and Re = 0Ω are kept
constant while Le changes between 1 and 100 mH. As
is shown in the computed axial FRF in this figure, the
resonance frequency decreases by increasing the value of
inductance. In the lower values of inductance, the electric

Fig. 9 Effect of tuning electrical
components (Le, Ce, and Re) on
overall dynamics of the axial
tool holder
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Fig. 10 Variation of the
toolholder’s axial FRF by
changing the impedance of the
external circuit
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circuit is not strong enough to have a significant effect
on the mechanical system. The results of this figure are
validated experimentally in parts a, b, and c of Fig. 10,
where Ce = 1nF is kept constant and Le = 1, 30,
and 50 mH are used to change the impedance of the
adjustable circuit. The agreement between the measured
and computed FRFs confirms the accuracy of the presented
modelling approach as well as the effectiveness of changing
the inductance of the external circuit to adjust the system’s
resonance frequency.

The effect of changing the external circuit capacitance,
Ce, on the structural dynamics is shown in Fig. 9c and
d, where the circuit resistance and inductance are kept
constant at Re = 0Ω and Le = 50mH . By increasing the
capacitance of this circuit up to 100 nF, the frequency of the
axial-torsional vibration mode reduces rapidly and another
resonance peak appears at around 19 kHz. This observation
is confirmed experimentally in Fig. 10c, f, and i, where
the inductance of the external circuit was kept constant
at 50 mH while 1, 22, and 100 nF capacitors were used

to change the axial FRF of the toolholder. The declining
trend of the axial-torsional resonance frequency and then the
appearance of the new resonance peak are confirmed with
the experimentally measured FRFs.

The effect of changing the resistance of the external
circuit, Re, on the toolholder’s structural dynamics is
shown in Fig. 9e and f. In these figures, only a resistor
that varies between zero (short-circuit) and infinity (open-
circuit) without a capacitor and inductor is considered
in the external circuit. As shown, adding the resistor
changes the resonance frequency of the dominant mode
by a few hundred Hertz. This observation is confirmed
experimentally in Fig. 10e and h.

6 Conclusions

A new method for the substructure analysis of VAD
toolholders was presented. The new method employs
RCSA to couple the structural dynamics of the mechanical
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components of the toolholder with the electrical impedance
of its piezo-actuator. As a result, concentrators with com-
plex geometry can be considered in the design, modeling,
and analysis of axial and axial-torsional toolholders. Fur-
thermore, the developed substructure analysis method was
used as a design tool to modify the structural dynamics
of the toolholder by adjusting the impedance of the exter-
nal circuit attached to one of its piezoelectric disks. This
new design enables tuning the manufactured toolholder’s
dynamics to optimize its performance under various opera-
tional conditions. The accuracy of the presented method in
modeling the toolholder’s electromechanical dynamics was
verified experimentally. The experiments also confirmed
the effectiveness of tuning external impedance to modify
structural dynamics.

Appendix 1: Modeling vibrations of VAD
components for RCSA

In this section, the analytical mode shapes of rods with
uniform cross-section, the finite element model of rod
vibrations, and the finite element model of twisted rod
vibrations are explained.

1.1 Uniform cylindrical rod

Consider an elastic rod with length l, Young’s modulus
E, density ρ, and cross-section area A. Assuming that
the rod is rigid in lateral directions, and its torsional and
axial deformations are uncoupled, the natural frequencies
(ωn) and mass-normalized mode shapes (Un) of its axial
vibrations in free-free end condition are obtained as follows
[26]:

ωn = nπ

l

√
E

ρ
;

U0(x) = 1√
ρAl

; Un(x) =
√

2

ρAl
cos

nπx

l
(24)

where n = 0, 1, 2, . . ., and x is the distance from a free end
of the rod. Using these mode shapes, the axial FRF between
two points at xi and xj is synthesized as follows:

h
xf
ij

(
xi, xj , ω

) = xi

fj

=
Nm∑
n=0

Un (xi) Un

(
xj

)
−ω2 + ω2

n

(25)

where Nm is the number of modes considered in synthe-
sizing the FRF. Now, consider the same elastic rod with
modulus of rigidity of G and polar moment of inertia
of J . The natural frequencies (ωn) and mass-normalized

mode shapes (Θn) of its torsional vibrations are obtained as
follows [26]:

ωn = nπ

l

√
G

ρ
;

Θ0(x) = 1√
ρJ l

; Θn(x) =
√

2

ρJ l
cos

(πnx

l

)
(26)

where n = 0, 1, 2, . . .. Similar to Eq. 25, the torsional FRF
between points at xi and xj is also synthesized using the
torsional mode shapes:

hθt
ij

(
xi, xj , ω

) = θi

tj
=

Nm∑
n=0

Θn (xi) Θn

(
xj

)
−ω2 + ω2

n

(27)

1.2 Rod finite elementmodel

Finite element method is used to model the vibrations
of rods with non-uniform cross-section—for example, the
tapered part of back mass in Section 2.1. A rod element with
cross-section area A, length l, polar moment of inertia per
unit length Ip, density ρ, modulus of elasticity E, modulus
of rigidity G, and polar moment of area J is considered.
Assuming uncoupled axial and torsional deformations, the
mass and stiffness matrices of a 2-nod, 4 DOF, rod element
with DOF vector u = [x1, θ1, x2, θ2]T , are obtained as
follows [26]:

m = ρl
6

⎡
⎢⎢⎣
2A 0 A 0
0 2Ip 0 Ip

A 0 2A 0
0 Ip 0 2Ip

⎤
⎥⎥⎦

k = 1
l

⎡
⎢⎢⎣

EA 0 −EA 0
0 GJ 0 −GJ

−EA 0 EA 0
0 −GJ 0 GJ

⎤
⎥⎥⎦

(28)

The global mass and stiffness matrices of the non-
uniform rod are obtained by assembling its element
matrices; the desired FRFs are subsequently obtained based
on the resulting global mass and stiffness matrices [26].

1.3 Coupled axial-torsional finite element tomodel
the drill bit

Due to the pre-twisted geometry of the drill bit, its axial
and torsional deflections are coupled. This coupling is
considered in the presented work by using Rosen’s model
[21] of the coupled non-linear deflection of pre-twisted
rods. The drill bit is divided into finite rod elements with
pre-twisted geometry as shown in Fig. 11. As shown in this
figure, when an axial force (f ) is applied to the pre-twisted
rod element, it simultaneously deflects in axial direction by
Δx1 and twists through byΔθ1. Similarly, when the element
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Fig. 11 Deformations of a drill bit element under a an axial force and
b a torsional torque

is subjected to torque t , it deflects axially by Δx2 and twists
through by Δθ2.

Rosen [21] presented a non-linear model to describe the
mechanics of the torsional-axial deflections in pre-twisted
rods. Nonetheless, Jin and Koya [27] showed that, for
typical deflections during drilling, the values of the non-
linear terms in Rosen’s model are less than 1% of the
linear terms. Therefore, the effect of non-linearities can be
neglected. Based on the uniform axial strain and twist per
unit length assumptions in Rosen’s work [21], the following
equation is developed to describe the coupling between
the axial and torsional loads (f and t) and the resulting
deflections (Δx and Δθ ) in the pre-twisted rod element
shown in Fig. 11:

f = kxf Δx + kθf Δθ; t = kxtΔx + kθtΔθ (29)

where the stiffness coefficients are expressed as follows:

kxf = EA/l; kθf = ESs/l;
kxt = ESs/l; kθt = (GJs + EKs) /l

(30)

and E, G, A, and l being the modulus of elasticity, shear
modulus, cross-section area, and length of the element.
The parameters Ss , Js , Ks , and Fs are section integral
parameters [21] and depend on the geometrical dimensions
of the cross-section. Various methods are available in the
literature to obtain the section integral parameters. For
example, a numerical method based on a 2D FE solution
was used in [27]. In this work, assuming a standard twist
drill cross-section geometry, a curve-fitting method is used
to obtain these parameters as a function of drill diameter,
d . A pre-twisted rod element is modelled in the commercial
finite element software COMSOL Multiphysics, and its
stiffness coefficients are obtained by applying axial force
and torsional torque to the element and measuring the
deformations, as shown in Fig. 11. This process is repeated
for rods with various diameters. Subsequently, a cubic

polynomial is fitted on the resulting stiffness coefficients,
shown below:

kxf = 765.6d3 + 1.125 × 105d2 + 1.499105d

−3.089 × 105

kθf = 13.38d3 + 0.8516d2 − 0.6822d − 4.749 (31)

kθt = 0.1071d3 − 1.209d2 + 5.622d − 8.954

kθt = 0.1071d3 − 1.209d2 + 5.622d − 8.954

where d is rod diameter in mm.
The material considered for obtaining the cubic polyno-

mials is tungsten carbide with modulus of elasticity of EWC

and for a unit length of the element. Since the stiffness coef-
ficients are proportional to the modulus of elasticity E and
inversely proportional to the element length l, the stiffness
matrix for a material with the modulus of elasticity of E and
the element length of l, is expressed as follows:

m =

⎡
⎢⎢⎣

m
3 0 m

6 0
0 I

3 0 I
6

m
6 0 m

3 0
0 I

6 0 I
3

⎤
⎥⎥⎦ ;

k = E
lEWC

⎡
⎢⎢⎣

kxf kθf −kxf −kθf

kxt kθt −kxt −kθt

−kxf −kθf kxf kθf

−kxt −kθt kxt kθt

⎤
⎥⎥⎦

(32)

where m and I are mass and moment of inertia of the
element, respectively.
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